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THE ELLIPTIC INTEGRAL IN ELECTROMAGNETIC THEORY' 

BY 

ALFRED GEORGE GREENHILL 

The analytical complexity in the reduction of the elliptic integral in electro- 
magnetism, as well as in most dynamical problems, arises in consequence of the 
appropriate integral of the third kind being of the circular form in Legendee's 
terminology, and the elliptic parameter of Jacobi is then a fraction of the 
imaginary period. 

The expression of the integral by the theta function would imply then a 
complex argument, and a table of the theta function would not be of complete 
utility unless made a triple entry table. 

When required in a problem of electromagnetism it is the complete third 
elliptic integral which usually is sufficient for a solution, and this, as shown by 
Legendke, can be expressed by elliptic integrals of the first and second kind, 
complete and incomplete ; and for these the Table IX of Legendee provides 
the material for a numerical evaluation. 

As an important application we may cite the calculation of the mutual induc- 
tion of two coaxial helices, employed in the ampere balance designed for weigh- 
ing their electromagnetic attraction by the late Viriamu Jones and Professor 
Ateton, and so arriving at an independent determination of the electrical units. 

The present investigation was undertaken in the lifetime of Professor Viriamu 
Jones, with the object of exhibiting the result of his complete third elliptic inte- 
gral in its simplest form, suitable for immediate numerical computation, and 
also to reconcile the conflicting notation of different writers on the subject by 
adopting Maxwell's Electricity and Magnetism as the standard. 

Incidentally the quadric transformation of Landen is required here so fre- 
quently that a digression has been made on the theory, and an elucidation sub- 
mitted of its essential geometrical interpretation. 

The references in the course of the work will be chiefly to — 

Maxwell, Electricity and Magnetism. 

Webstee, Electricity and Magnetism. 

Geay, Absolute Measurements in Electricity and Magnetism. 

Caylet, Proceedings of the London Mathematical Society, vol.6. 
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Viriamu Jones, Philosophical Magazine (1889), Philosophical 
Transactions (1891), Proceedings of the Royal Society (1897). 

MiNCHiN, Philosophical Magazine (1893), (1894). 

BuRNSiDE, Messenger of Mathematics, vol. 20 (1891). 

Coleridge Farr, Proceedings of the Royal Society (1898). 

Nagaoka, Journal of the Tokyo College of Science, 16 (1903). 

Coffin, Rosa, and Cohen, Electromagnetic Integrals, Bulletin of the 
Bureau of Standards (1906). 

Alexander Russell, Magnetic Field of the Helix, Philosophical Mag- 
azine, April, 1907. 

Notation and preliminary theory. 

1. The elliptic integrals of the I, II, and III kind (abbreviated in the sequel 

to I. E. I. ; II. E. I. ; III. E. I.) are composed of differential elements of the 

form 

ds ds 1 ds 



3' 



(2) /S' = 4s — Sj-s — SjS — «3» Si>S2>s, 

but for analytical simplification it is convenient to normalise them to zero degree 
by an appropriate factor, so that the elements may be written 

t/(8, — S3)(Z8 s — <r ds J/2 ds 

(^) 7s ' v{s,-s^)Vs' J^^VS' 

(4) 'L = ^a-s^a-s^<T — s^; 

and in the circular form of the III. E. I. the expression 2 is negative and the 
normalising factor is changed to J>/( — 2). 

The same normalising is required with the elementary circular or hyperbolic 
integral which arises when S is of the second or first degree, in consequence of 
a , or s, and Sj being made infinite, so that we take 

(5) >S'=4s — SjS — «3» or 4js — Sj; 
and the integral corresponding to the III. E. I. becomes 

(6) J s-a /(4s-3,s-«3)-*^° VU-33S-SJ' 

(7) J -8^7- /(4.«-«3)-'^'' Vs-,.-*^° V«3-<^' 

with corresponding hyperbolic-logarithmic forms. 
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The standard III. E. I. adopted in the sequel is written 

^^ J s-o- 7^' 

in which the sign of 2 is to be changed in the infrequent case which arises when 
the hyperbolic-logarithmic III. E. I. is to be employed ; and it is preferable to 
keep to this form of the integral of an algebraic function, and to settle the 
sequence of magnitude of 

before proceeding to a reduction in the notation of Weierstrass, Jacobi, and 
Legendre to their standard form, if requisite for comparison. 

In an electromagnetic application it is the complete III. E. I. which gives 
the solution, and then the limits of integration are oo, Sj, Sj, Sj, — oo ; and now 
the great theorem discovered by Legendre (Fonctions elliptiques, I, chap. 23) 
enables us to express the result by incomplete integrals of the I and II kind, 
the I. E. I. and II. E. I., on which a digression is made at the outset. 

2. The jacobian quarter periods, IT and JT', are defined by the complete 
integrals 
(1) X= r-' V{s,-s,)ds ^ ^,^ p-vl^^-^^ 

and the incomplete integrals may be written 
where h bxiAJ" are real proper fractions defined by the ratios 
In the jacobian notation 



(4) 

and when 


F "'''' 


k" = 


■«1 


-h 


»l-«3' 


-< 




00 >s>Sj, 


or 




82>«:; 


(5) 




or 




S-S3 


«2-S3 


(6) 


™2 1 K- S — «! 


or 




S^-S 


S-S3' 


«2-h 



"3' 
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while with 
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S-«3 


or 


«l-«3' 


«l><^>«2' 


or 


«3>'^5 


sn^ fJT' * ~ '' 


or 


Sl-«3 


«°/^ -s,-s,' 


«,-<.' 


cn^fTT' '^~^' 


or 


S3-<7 


^-f^ -s,-s,^ 


6-,-<.' 




or 





(8) 
(9) 

(10) 

It is the advantage of the use of the fraction A or y of the period K ov K 
that the corresponding modulus h or k' is indicated thereby and need not be 
written down. 

In the notation given already in equations (2) the incomplete I. E. I. can 
be written 

7 1- f"'' t/(«1-«3)'^« 1 /«l-«3 1 /«-«3 

(11) hK=- - ^ ' c'^ =sn-'..p \ sn-\ ?; 

^ ^ A,», V/S' \s-S3 \«2-«3 

and for the complementary modulus 1c\ 

3. Besides the first elliptic integral (I. E. I.), given already in § 2 (1), (2), 
(11), (12), (13), (14), we shall require the second elliptic integral (II. E. I.) 
complete and incomplete. 

The jacobian zeta function which expresses the incomplete II. E. I. may be 
efined by the standard integral 

— s ds 



(1) r -^ ^, ~^= r dn^ hK- Kdh = EiimhK=hH^zn hK, 

or 
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where zn u in Glaisher's notation denotes the jacobian function Zu ; also 
H and H' denote the complete II. E. I. to moduli h and li , defined by 

(3) H=^ dn^ hK- Kdh , H' = Cdn'/K' ■ K'df, 

Jo Jo 

corresponding to K and K', the complete I. E. I. 

The letter H is used instead of the usual E, as E will be required for the 
quadric transformation. 

With Glaisher's notation 

(4) zs M = zn M + -^ log sn u , 
the incomplete II. E. I. in the regions 

00 >S>Sj> S2>S> S3, 

is given by 

the integrals being infinite at the upper limit s = oo, or the lower limit s-= s^, 
where A = and zs hK is infinite ; and so also 






jj — s (Zs 



/(S,-S3)v/^ 

= Air+ zn A^, (1 - A)ir- zn A^; 
' s — s^\/{s^— s^ds r s^— s ds 



/s — s^ ^/{s^— S3) as r 
s — S3 i//S' J V 



(9) J s — S3 i/'S' J i/(s, — S3) i//S' 

= h{B'-k''' K)+zn TiK, {l-h){H-h'''K)-zn hK; 



J S — S3 l//^ J l/(Si — s 



(10) J S-S3 ^^'5' J V(s,-s^)VS 

= A(^- ^) - zn hK, (1 - A)(^- ^) +.zn hK. 
Similarly, in the regions 
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p." Sj—<7 da- r'-'^ s^— 82 ^(8^—8^)0 



(11). 

=f{K'-JI')-znfjr\ {l-f){K'-H')+zafK'; 

(12) J A^-h)A-^)~ J ^-<^ A-^) 

=f{H'-PK')+zafir',{l-f)(ir-¥K')-znfK'; 
da ^8^ — a V(s^ — s^)da■ 



/a■ — s^ da ^ r82 — a V[s^ — 8^)1 



(13) 

=/^' + znfK', (1 -/)Zr' - zn/^' ; 



4 «-<^ T/(-2) X ^(«>- 




(14) 

= (l-/)(^'-Zr')+zs/^'; 

^^^^ =-(l-/)(^'-F^') + zs/^', 

/Sj— o- \/(s^—s^)da r «3 — "■ ^<'' 

^;^^ t/(-2) =J t/(s,_s3)t/(-2) 

= -(l-/)^' + zs/^'; 

these integrals (14), (15), (16) being infinite when the upper limit a- = s^, or 
the lower limit cr = — 00 , where J" ^ and z^fK' is infinite. 

Putting A = 1 or y = 1 in any of these forms will give the corresponding 
complete II. E. I., noticing that zn K' and zs K' are zero. 

4. The incomplete III. E. I. requires the theta and eta functions of Jacobi, 
and BuKKHARDT has given in his Elliptische Functionen, § 126, a method 
of approximating rapidly to the numerical value for given elliptic argument. 

But in the circular III. E. I. this argument will be complex of the form 
A_S' + y!ff''J, where h and f are real fractions, so that great care will be required 
with Burkhardt's method in separating the real and imaginary parts of the 
theta function. 

When f, however, is a rational fraction, 

(•'■) /= 5' 5^» ?' ?^' ■ ■ •» 

a quotient of theta functions, such as 
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(2) 



(&{hK-fK'iy %hK%fK'i 



can be expressed algebraically by elliptic functions of hK; a collection of the 
simplest results wiU be found in the Philosophical Transactions (1904), 
under the title, The third elliptic integral and the ellipsotomic problem. 
5. Make a start now with the complete circular III. E. I. 



-».»2 t-,/( — 






in which the quantities range in the order of magnitude 
(2) 00 > s > s, > o- > Sj > s > Sj > — oo 

and this integral (1) is by Legendre's theorem to be expressed by incomplete 
integrals, I. E. I. and II. E. I. 

Provided with the notation above we shall find in the sequel 

(S) A-£^i=^^^-i.(l-f)-K.«fK', 

(5) A + B = ^-7r. 

To calculate the numerical value we have to determine the co-modular angle 
and the amplitude angle of ^ from the relations (2) and (8), § 2, 



(6) sin^ e = ]c'' = -^ -^ , sin^ <^ = ^ 



sin" rf) = -i 
« 

"1 "3 

and then from Table IX of Legendre 



(7) f=F<l>^F{iir), 

(8) znfK' = E<i>-fE{lnr), 

(9) K=F{\'ir,k). 

The result in the Weierstrassian notation is given in Schwarz's Formeln, 
§§ 59, 60. 

The relation in (6) is the equivalent of Minchin's equation (21), p. 212, 
Philosophical Magazine, February, 1894 ; it is proved immediately by the 
substitution 
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(10) (.-.., ''-:-_''-'' ) 

in A, (1), which leaves dsjy'S unaltered except for sign, but changes the limits 
from 00 and s, to Sj and s^, and thus makes 



%J S3 



•^t- -'-^j,. 



(12) ^+^_r *'-(-^)[(^-.)('--'.)-('-'.)']^ 4i 

= C0S-1 / .7-S3S.-SS,-S 

\ [(«l-«3)(«2-«3)-(«-S3)(<^-«3)]('^-«) 

_gin-i / g^-tr<7-s,s-S3 

\ [(«l-«3-«2-«3)-(«-S3)(°"-«3)](°"-«) 



• (-S)/^ 



= isin-ir7^; :r^^ A \„ \\r^ ,-,. .s =Jt, 



[(«i-S3-S2-S3)-(«-«3)('^~S3)]( 



]»2 
.3^ 



6. In the arrangement 
(1) 00 >s>Si> S2>s> S3 >o-> — 00, 

there are two remaining forms of the complete circular III. E. I., liamely 



and we shall find 

where in Glaisher's notation 

... , en M dn M d . d , ^^ 

(b) zs M = zn M + = zn M + -^ log sn M = -7- log Hu^ 

sn w dV/ du 

and also 

(6) zcM = zn M + T-log en M = — zs(jK'— u), 

(7) zdM = zn M + -y-logdn M = — zn(..ff'— w). 
Thus 
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(8) -C+-D = J^, 

which can be proved independently in the same manner as (12) §5. 

Hence we can write down the expression of the complete III. E. I. of the 
circular form, for any assigned region of s and a-, the result involving a zeta 
function to the complementary modulus ; and this zeta function is an algebraical 
function when /" is a rational fraction ; the formula for the simplest fractions is 
given in the Philosophical Transactions (1904). 

7. We have seen how A and B change place by the substitution 

and the same substitution interchanges C and D . 

So also A and C or S and D change place by the substitution 



w (-V '-^^^y. 

while the substitution 

(3) {'-.„ ^L^') 



interchanges A and D, or B and C. 

8. Two more forms are required to finish the series of the complete III. E. I., 
when it is finite and the parameter is a fraction of the real period, namely. 



(2) 




in the arrangement 




(3) 


0O>S>Sj>S2>O">S3> — 00 


with 




(4) 


^-f>f:%' 


(5) 


^=x>r5- 



(Legendee, Fonctions elliptiqiies, chap. 23 ; Cayley, Elliptic Functions, 
§§ 178-186.) 

9. The proof of his theorem that the complete III. E. I., circular or loga- 
rithmic, can be expressed by the I. and II. E. I. is given by Legendee in 
Fonctions elliptiques, chapters 23 and 24, and is reproduced in Cayley's Elliptic 
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Functions, chap. 5. We can abbreviate the demonstration considerably, and 
avoid also all introduction of an imaginary in the discussion of the circular form 
expressed hy A, B C, and D by means of the simple lemma 

^ ' as s~ a- ^ ' da s ~ or ' 

proved immediately by performing the differentiation. 

Integrating with respect to the elliptic differential elements dsjVS and 
darlV{— 2) beween the limits Sj, s^ of s, and ff, Sj of ff, 

C r da ds d IVS r rds da ^ d iT/(-S) 

J J V{-'^)VS'^'^dsa-s J J VSV{-^y^~ >da -s 

in which the variables are separated, so that 

P r\ .ds da r r ds da 

(3) 






= ir{fH' + zn fK' ) -fK'{K- H) 

= W+ K2MfK', 

by reason of Legendre's relation 

derivable from the relation in (5) § 5, and utilising theorems (13) and (10), § 3. 
Taking the limits of s as Sj and s gives a more general theorem 



r^ WS da r' |/(-S) ds 
X <y-sV{-^yj., <r-s VS 

(5) ~ lv{s,-s,)V{-^) ^"^ J.,V{s,-s,)VS 

= hK{fH' + zn fK' ) -fK' [h{K- H) - zn hK'] 
= i7rA/+ hKzafK' -fK zn hK, 
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connecting incomplete III. E.I's., as in Legendbe's equation (i'), p. 133. 
Putting A = 1 gives B as before ; and putting f=l leads to a new theorem 

(6) r ij^ -±- = i^A - ^' zn hK. 

10. When A is deduced in this manner we must keep clear of s = oo by 
writing the lemma (1), § 9, in the form 



^ ' ^ ' da s — G as\s — <r s — s^J ^ s — 



3. z$ 



in which at 



(2) , = 00, li,nitfi^-i^) = 0. 

\S-<T s-sj 

Integrating between the limits s, oo of s, and s^, o- of o", we have 

-CC(^ , 8i-S3«2-g3 \ ^« da- 
~JJ\ ''~ s-s, ) VSV{-^) 

(in which the variables are separated) 

- ^""L V<J^=^) 7(=T) - (1 -•^)^ J. 7^-^ VS^ 

= hKl{l-f)H' -znfK'^ - (1 -f)K' [h{K- H) - za hK-\ 

= |7rA(l -/) - hKisvfK' + (1 -f)K' zn hK, 

utilising the theorems in (13) and (5), § 3. 

Putting s = 8, , A = 1 , gives the result for A , 

and this by the substitution (10), § 5, is equivalent to 
while from (2), § 9, 
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or from (12), § 5, and employing (12), (9), § 3, 



ds di 



(8) ^'^-SJ^'^-'^ + '^-'^VSv'i-^) 

= K{H'- WK') + K\H- k'^K); 

and thus Legendre's relation is proved. 

Putting _/ = , o- = Sj in (3) gives a new theorem, 

employing (5), (6), (7), § 2, and (4), § 3, or (5), § 6. 

11. For C, integrate lemma (1), § 9, from s to oo and o- to S3 in the form 

(i)_^(_2)-fi'^^) + /4(ii^-i^)=.3-. + ^'-v«^- l3, 

^ ' ^ 'd(T s — (T ds\s — crs — s^J ^ s — «3 

i s-a- VS X \s-<^ s-sJ^/(--L) 

= A^[zs/^'-(l-/)^']+(l-/)^'[A(Jr-^)-znA7r] 
= - i7rA(l -/) - (1 -f)K'z^ hK+ KKi&fK\ 

employing (16), (10), § 3 ; from which C is deduced by putting A = 1 , s = s, , 

(3) C=-j7r(l-/) + ^zs/^'. 

In D we must keep clear of a = s^ by writing the lemma 

(4) ^(_2)#-fM:^)_M^))_^^_^.i^=,^_«_«_i^vvri_3 

^ ' ^ ' d<y\ s — ff s^— (y J ds s — a- ' ^i~ "' 

and then integrate it between s^ and s, — 00 and tr, so that 



r/iv^-2)_|T^^--2)\^_ p IV 8 d<7 



2) 
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(5) =fK' -—^ .—=,-hK\ J J^U-sA—-. — =r- 

=fK'{hH+ zn hK) - hK[f{K' - H') - zafK"\ 

= l-n-hf + fK' zn TiK + JiK zn fK\ 

employing (8), (11), §3. 

Put A = 1 , s = Sj, and we obtain by means of (8), (9), (10), § 2, 

(6) iJ = i,r/+ ^zn/g' + JrJ ;~ ';•;-"; =|,r/+^zs/g'. 

12. To obtain E and F, write the lemma 

(1) v^P^^V8U~-^-^'^-\= ''~''"'~'' -- + ^^^ 
^ ' das— a ds\s — <T s — s^J «— S3 

and integrate between s, 00 and s.^, a; then 

j, s-a-i/S X \s-o" s-Ss/i/^ 

(2) =/-^ J 7^7^ 7^ ^^J TK^sJ 72 

=/Jr[ A (^- ^) - zn A^] - A^[/(^- JI) - zn flT] 
= hKza/K-fKzn hJT, 

employing (10), § 3, and thus connecting E and F; for A = 1 , s = Sj, makes 

(3) E=KzvifK, 

and /= 1 , o- = Sj, makes 

(4) F=KznTiK^KA^—^^^^—^ = Kz^}iK. 

\ S — S3 • 8, — S3 

13. With s, and 83 conjugate imaginary, and putting 
(1) s,-s,-S3-s, = Jf% 

^^^ ^ =X.7(^2)' /-^ "X 7F^)' 

and then 

,,l-cn2A^ rv ,„4 sn 2A^dn 2A^ 

(4) «_,^ = Jf^__2_^, ^^ = itft (l + cn2Ag)^ ' 

Trans. Am. Math. Soc. 31 
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,^l-cn2/^ , ^, ,^ 4 sn 2/^' dn 2/Sr' 

(5) «.-- = ^rT^/:F' v-(-S) = ^^ (l + cn2//)' ' 

in which A^ and /X"' may be replaced occasionally by Ti and f in the sequel 
without confusion. 

Employing a formula (Legendbe I, p. 267), 

(^) J r+^SMbA^=l+cos<^+^'^-2^'^' 

verified immediately by differentiation, and integrating the lemma (1) § 9, 
f'^yS da- p |(i/-2 ) ds p ("^ ds da 

But when we wish to obtain the complete III. E. I., by putting s= oo, 
A = 1, we make both sides infinite. 

The infinite part must then be cut out by deducting from botih sides 

and now 

*' J. \»-''~»-»Jv(-2) + J, .-T VS 

Here, putting s = oo, A = 1 , the first integi'al vanishes, and 
(10, £m^^A%.fK-(iK-H) 
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Similarly with/= 1 , 

(11) LhraVl^r^K^h-^^^)-^-^^' 

14. To compare B with Legendse's standard form of the III. E. I., 

(1) r=i ^-^^-f^. AY=i/(l-P8in*v), 

denoted by 11 (n, ^, ;^) or 11, when complete, put 

(2) s-s,=(Sj-8,) sin'' X, s,-s=(Sj,-»,)co8*X. «i-»=(Si-«,)A'x> 

A/ ^^ J rt/ ^^ ) 

a, — Sj Sj — 8j 

and then 

in which, with Legendre's notation, 

l+? = ?^4, 



/4^ 


J, »*-«3 .,_ «--»2 


I*; 


«■-«,' "^ «^-83' 


(6) 


«-(l+")fl+-?)=? 



and Legendre's II requires the normalising factor i/a. 
In the comparison of A , put 

(6) »-»a = ^-^'' «-«. = («.-«,)8l^' *-*i = (»i-«»)^' 
and then 

(7) ^ = >-""-^' f r/'^'i^ ^-•«[nK;fe,x)-i^x] 

^ '' \Sj — SjO-— s,J 1 + » 8in*x Ax " L V > j-^y /^.j 

in which 

(8) ro'= ?, l + n' = -J , 1+ — = ^ ^ 

so that 

/ftv /^ t^fn ^\ s, — a-a — s„ 
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the same as before; also 

(10) nn = k\ n(n) + n(»i') = ^+^. 

But in all the subsequent calculations it is best to keep clear of the standard 
forms of Legendke, Jacobi, or Weierstbass, and to work with the III. E. I. 
as the integral of an algebraical function of the standard form in (8) § 1. 

For example we find, putting the differential element, 

ds 

(11) 7^=^^"' 

and if we take 

CvS — V'^ ds 

(13) ''^y='^j-^^^vs^ 

we obtain the Lame differential equation of the second order 

1 cPv 
(14) y^, = 2s + a-s,-s,-s,. 

Then the function 
(16) « = |.(y^") 



leads to the Lame differential equation of the second order 

Idh 

a du 



(17) Y^^Qs-%.-s,-s,-s, + Z\\ 



provided that 

(18) \'-X(3<r-Sj-Sj-a3)- v/2 = 0, 

the spherical pendulum relation. 

Landen's Transformation. 

15. It will be convenient at this stage to collect together all the formulas of 
Landen s transformation of the second order, required in the sequel, adopting the 
notation employed previously for the elliptic argument, A^ denoting an argument 
to modulus h and fK" to modulus k\ h and f denoting real fractions, as thereby 
the modulus is indicated in the notation and need not be written down. 

Without this it will be difficult to reconcile the notation of different writers 
on this subject, each adopting a method of his own irrespective of others. 
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Following Maxwell in his Electricity and Magnetism (E. and M.) § 702, 
we select the Landen transformation connecting the new modulus c and c' with 
k and h' by the relation 

, 1-h IVh , \-c 

i + c ' 

all different forms of the modular equation of the second order, connecting 
the modular angles 7 and /S shown in figures A and B, such that 

"«''y=" = iT^i^=*^''^*''~*^^ = 3:a' 

(2) 

, . o I-C0S7 ,, AG OC 

A = sin /3 = ^ = tan'' *7 = -^-^=7 = -p—r . 

1 — cos 7 ^ ' AC OA 

Then the complete elliptic integral or quarter-period F^^ir, c) or F{c) is 
denoted by F, and i^(c') by i^', K and ^' denoting i^(^) and F{k'); and 

(3) i^=(l + ^)^, K=l{l + c')F, 

(4) i^' = J(l + ^)^', ^' = (l + c')i^', 

W F~^K' K~ F' 

16. The geometrical interpretation of Landen's transformation is seen in 
fig. B, where we may put 

(1) &) = amAi^, a)' = am(l — A)i^, x = a«i2A^, 

(2) ^ = 2a) = X + x', 2a)' = TT — X + x'' 
so that 

(3) x=i'^ + '" — ®'> am 2A^= |7r-|- amAi^— am(l — A)jF', 

sn2A^=cos[amAi^— am(l —h)F\ 
(^^ =cnAi^cn(l-A)i^+snAi^sn(l-A)i^=(l + c')^^^^^, 

Landen's first transformation ; and putting A = leads to (3) § 15. 

Thence also 

-,^ l-(l + c')sn2Ai^ dn' Ai^-c' 

°° ^^^^ diTXP = (l-c')dnAi^ 

(5) 

_ dnAi<^-dn(l-A, )J^ GQ - C Q _ 
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the geometrical interpretation, since CQ, CQ', CB = CA dn (/, 1 —f, \)F', 




(6) 



Aa 2hK = 



\.-{l-c')sa^hF dn'Ai^+c' QQ' 



dn hF 
Equation (4) can be written 

(7) sn* 2hK= 
and thence 

(8) dn UF^ 



~(1 -i-c)dahF~ AB 
1 + c' 1 - dn 2hF 



1 _ c' 1 + dn UF' 

1 -ksn^2hir 
1+kan^ 2hK' 
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which is Landen's II transformation, in conjunction with 

(^) sn2AJ^= l + ksn^2hK ^ 

/im oji^T oii2hKdn2hir 

(1^) ""^^^= l + ksn^2hK - 

These may also be written, replacing 2hhy h, 

(11) sn hF=l i/(l + sn 2hK-l+k sn 2A^)- J i/(l-sn 2A^- l-/fc sn 2A^), 

(12) cnAi^=J>/(l + sn2A^-l-;fcsn2A^)+ Ji/(l-sn 2A^l + /5;sn 2A^), 

dn 2hir+ k en 2hK 1-k 

~ r+k ~ dn2hK-kcn2hK 

(13) 
^ ^ _ l l-k l dn2hir+kcn2hK 

~ -\JTT~k '\Aa2hK-k(in2hK' 

17. The associated transformation of the complementary period K' or F' can 
now be written down and interpreted geometrically in fig. A where 

(1) i/r=am2/F', ^=&xQ.fK', (/>'=am(l-/)ir', 2(^=-f +-f' , 9r-2f =-f-i/r', 
and as in Landen's II transformation in (11) § 16, 

sin ^ = sin \{^ + •^')= iv^(l + sin i|r -l + sin i/r')— iy/(l— sin i/r 1— sini/r'), 

sn/JT' = J /(1+sn 2/F'- 1+c'sn 2/F')- J i/(l-8n 2/F'- 1-c'sn 2/F') 

(2) (l + c')8n./y 
~ 1 + c'suV-^' ' 

as in (9) § 16 so that /= leads to (4) § 15 ; 

cuflT' = J v/(l + sn 2fF' ■ 1-c' sn 2/F')+ J /(l-sn 2/F' 1+c' sn 2fF') 

(3) _ cnfF'dnfF' 
~1 + c'sn^fF" 

A fTT' l-csn' /F' dn2/F- + c-cn2/.F' 
"^''■^^ = 1 + c'snV-^' ^ 5^W 

(4) 

^^ 1-c' l l-c' | dn2/F'+c cn2/-.F' 

~ dn 2fF' - c' en 2/-i^' ~ aJ 1 + c' >Jdn 2fF' - c' en 2/F" 
and, conversely, 

^.x,, .. . &nfK'(infK' \l + k \l-dn2fK' 

(5) sn2/iP=(l + ^) \^^.^', - ^Y^T,^YTddfK- 



1907] THE ELLIPTIC INTEGRAL IN ELECTROMAGNETIC THEORY 467 

derivable from (2, 3, 4), and the geometrical interpretation of 

(6) yjr = ^TT -i- (j) — (}>', sin i/r = cos(^ — <^'), cos i/r = sin (^' — <^); 

cnzy^ - dn/K' -(l-k)AnfK' 

(7) 

dn/g'-dn(l-/)g' BP' - BP 

~ \-h -RC^^^BC-"^^^' 



AafK ~(1 4-/fc)dn/^' 

(8) 

^ ' dn/g'+dn(l-/)^' BP'+BP PP' 

1 + h - BC'+BCf~CC'~'^^^' 

the geometrical interpretation. 

The two circles in figures A and B, linked in perpendicular planes, may be 
taken to typify the magnetic and electric circuit, associated in a similar manner. 

18. In Legendre's notation, the II. E. I. 

(1) I!(a),c)= ^/(l-c^sin^ ©)£?«= fAcodm, 

and the complete II. E. I., or jE'(j7r, c) or -£'(c) is denoted by ^, and -£'(i) 
by JE', while as before JE{l7r, k) is denoted by H, and -E'(A') by H'. 
In Jacobi's notation, with a> = am hP, and as employed already in § 3, 






dn' hP- Fdh =^am hF=hE -\- zn hF. 



Squaring equation (13) § 16, 

, , , „ 2 dn^ 2 A^ 4- 2/fc en 2A^dn ^JiK - k'' 
(3) dn^Ai^=- ^^-^y, , 

and then integrating wiih respect to h, there results 

hP + zn hP 2hII+ zn 2hK + km 2hK- Je'^JiK 



(4) 



P ~ {l + kfK 



, „ 2hH- lfhK+ zn 'IhK + /fc sn 'ihK 
(5) hP+znhF= J T ~ , 



so that, putting h = 1, 

2i 

"" 1^" ,r~ ~ T^k ■ 



XT 2H-lc^K 2H _ ,,^^ 

(6) ^=-1^. :p— ,-(l-A:)^, 
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(,) .-.= .(.-^), ._...= .^=ii^, 

and conversely 

(8) H= ^Z^^-^ , HK' = EF' + c'FF\ 

1 + c 

so that, as in Maxwell E. and M. § 701 when corrected, 

(9) ?(i^-^)-ci^=2^^, 

(10) 2(i^-^)-c^J^=4^^^, 

(11) (l + 0^-2e'^^ = 4(l±^)^ll^^. 
19. Then 

(1) znAF j-p^ , 

which it is convenient to write 

(2) FzahF= Kxa 2hK + Kh sn ^TiK, 
and conversely 

.^ „, -^ „ ,„ „„snAjPcnAi^ 

Kza IhK =FznhF- hFc? s-T-rr — 

^ dn AJ^ 

(3) =\FzahF-lFza{l-1i)F 

„ „, „ „,sn2Ai^cnAi^ 
= ^^-2Ai.-*^^^T+d^2AF- 

Squaring (4) § 17 and integrating with respect to f, we obtain the remain- 
ing relations 

27?" 

(4) zr' = 5-^,-(i-c')i^', 

(5) E' = ^ ^^^ , -2^'i^ = H'K + /fcJT^', 

(6) zn /^ = -^ Y^ ♦ 

which we write 

(7) ^zn jK' = IF zn 2fF' + Ji^c' sn 2fF' 

(8) ^zn ( 1 -/) K'=-^F zn 2/i^' + J Fc sn 2/F', 
and conversely 

i^zn 2fF' = 2^zn/^' - Klc^'^I^^^ 
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= KmfK' - Kza (1 -f)K' 

= Kzs 2fK' - ^ "°o{^, , 
•^ sn 2/a 

(10) i^ 2n ( 1 - 2/) i^' = JT z8 ( 1 - 2/) JT' - Kk tn 2/^', 

theorems required in the sequel for the quadric transformation of M, the mutual 
induction of a helix and a coaxial ring. 

20. Integrating (3) § 19 with respect to Ji, 

(1) ^*^S eoX- = 2 ^"S @o^ + log dn hF, 

%2hK ( %hF \ ^ %hF @{l-h)F 

^^' 'mK ~ \mF ) ~ @0F ®F 

the quadric transformation of the theta function. 

Similarly by integration of (9), § 19, with respect toy, 



02/F' /©/JT'Y 

(3) 0oF'=Veo^j •^°-^^ = 



@2fF' _ ( %fK' Y J ^^,_ Q/g' e(l-/)^' 



The same notation is useful for expressing the change in a theta function 
and eta function from imaginary to real argument and comodulus in the form 

W 6(0, /{;) -^ HK' ' H{K,k) ~ '^ ^^' ' 

where q = exp {—■jrK'jK). (Jacobi, Fundamenta nova, or TFer/fce, I, p. 215 ; 
Catlet, Elliptic Functions, p. 161.) 

These transformations may be used for the bisection of the elliptic function ; 

/ %hF \^ %2hK dn 2hK -ken 2hK 



^^> {MF ) - 



mK l-k 

1 @ {l-2h)ir k H{l-2h)K 
n^ " eO^ ~ l-k HK 



(%hFV _ 1 e(l-27t)^ k H{l-2h)K 
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Algebraical form of LanderCs transformations. 

21. The algebraical equivalent of our first quadric transformation in § 16 
is (Tannery and Molk, Fonctions elliptiques, formulas XXII, XXIV) 

(1) .>-,) = t'-'.--;<';J,y. -'•)]■ . 



(3) m'(s-S3) = 



2 
~ 1 



^{t-t,) ~lQ{t-t,f' 
so that the graph of a relation ( s , < ) is a hyperbola ; and 

(4) 2mV{s, -s,) = V {t, -t,)-V{t,- t,), 

(5) 2mV{s,-s,) = V{t,-t,)-V{t,-t,), 

the equivalent of the modular equation (1) § 15, with k,k' in terms of «,, s^, s,, 
as in (4) § 2, and c, c' the equivalent for t^, t^, t^. Also 



(6) 



m'-r: = 



{t-tj-{h-t,-t,-t,) 



dt ^(^t-t,y 



where 

(8) /S=4(s-s,s-S2-s-S3), T=^{t-t,-t-t^-t-t^), 

This algebraical result is obtained by substitution in (4), (5), (6), § 15, of 

(10) sin^ X = sn^ ITiK = -^ ^, or * , cjo > s > Sj, or s^ > « > Sg, 

* ~ *3 *2 *3 

(11) sin^' m = sn%i^ = ^^^-^ , or r-^^ , oo >< > «, , or t^>t>t^. 

In the associated complementary transformation of § 18, writing a and 2 
for s and S, t and T' for t and T, the region s^^cr^s.^ is excluded, because 
o- — s, and cr — s^ must have the same sign ; but 

(12) sin^ <l> = sn^fK' = ^-^-^ , S3 > o- > - oo . 
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(13) 8nV-^'=J-^, or *f^' t,>T>t„ or t,>T>-^, 

and these substituted in (2), (3), § 17, will satisfy the algebraical relation above. 
On applying this algebraical quadric transformation to our III. E. I., 

(14) ,^.^i^_-s.). (—'''>'-( '^f'i^ilv{-r), 

,15) ,,.-o=<i^^)n^ ^:-;;ii',:;-'-''-'->^ . 

(16) 2m 1/ ( - 2 ) _ 1/ (- T' ) (t, - V t,-t,)V(-T') 



s-a- t-T (T-t^)l{t-t,-T-t,)-(t,-t,-t,-t,)-] 

_ y(-T') vX-T') V(-T') 

and on putting 

(17) t — t^=' ' ' ^ — 



(18) («_«^.T -<.)-(«.-«, t,-t,) = {t,-t, t,-t,)^^j^, 

so that 

i/(-2) ds v'i-T') dt \/{-T') du V{-T') dt 



(19) 



-o- iZ/S" t — T VT u — T VU t^ — T VT' 



The hyperbolic graph connecting s and t being drawn it shows that as t 
increases from ^^ to oo, m diminishes from oo to t^ and « diminishes from oo to 
Sj and rises again to infinity so that 

^9ft^ rv(-2) c?s r-i/(-nii , ;/ T-^r^- ^3\ r v^(^i-<a)^^ 

(21) 2<7(/ar') 'lAifF')^.''^^^^^ F = -A{fF') + C{fF'). 

But as « increases from t^ to ^j, w diminishes from t^ to ^j, and s increases 
from Sj to s^ ^nd diminishes again to Sj, so that 

/99^ r v(-^) <^« rw{-T') dt j/ T-t.T-tA r v{t-t ,)dt 

(23) 2Z>(/ff") = 25(/F') + ^^^^^p^ F= B{fF') + i>(/i^'). 
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Making use of the expressions for A, B, C, Z) in § 5, § 6, equations (21), 

(23) are equivalent to the single relation 

(24) 2K Ts.fK' = F zsfF' + F ^fF\ 
as before in § 19. 

22. For the transformation from t back to s in the III. E. I., we take 

t-t^ _ V{s-S^) + V{s-S^) v/(s,-o-)-v/(8^-o-) 

^> t,-T i/(s-s,)-i/(s-sj /(s,_o-) + i/(s,-<r)' 

/2^ *~'' = 2 V (s - s^)V {s^ - <t) - V (s - s^)V {s,- (t) 

^^ t,-T [V(s-«,)-v'(s-s,)][/(Sj-<r)+V(s,-<7)]' 

[V(«, - <r) + i/(s, - <y)] [i/(s^ - s,)V{s - s,)] 
(O) h-"^ X [s - s^)V {s - <t) + y/ (s - s^)V {s^- a);\ 

W ^^) = 2^(.3-.), 



.5^ iv(-n ^^ r 

^^^ <-T /r-L*"^ 2(s-<7) J 7^^ ' 

the last integral being zero as s ranges forward and back again. 
According to the region of t, 

(7) <, >T>«2, or <2>T> — 00, 

and with 

S3 > o- > — 00 , 

the relation (6) is equivalent to 

(8) ^ if^') = ^f^' - ^(/-^')' 

(9) -5(/F') = ^|^;-z>(/ar'), 

(10) C'(/F') = ^^^, + C{fK'), 
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(11) D[fF') = ^^^ + D{fK'), 
and these reduce to the single relation 

(12) FzafF' = KzBfK' - K^^,. 

23. The algebraical equivalent of the second quadric transformation in (8), 
(9), (10), § 16, is in a similar way equivalent to a hyperbolic graph between x 
and s, 

(1) jr>(.-,,).'-^:^..^-i^^ 



\2» 



(2) itf^(.-g= ^^-^^-^(^'-^3-«.-^3)] 

(3) jy^«(^_,j = ii=:vM^ifL:zVVz.^'^ 

« — Sj 

and as in the modular equation (1) § 15, 

(4) MV{t,-t,)=V{8,-8,) + V{8,-8,), 

(5) MV{t,-t,) = V{s,-8,)-V{s,-s,). 
Also Mm = 1 , and 

(6) ip^= ^"-"^y-^^i-y^^-'i^ , 



2 



ds {« — «J 

(7) MWX= ^''~ "'^^ ~^,^!l~y' ' "' ~ ''^ V S, 

,„. tfo; ds -^ . , . 

(^^ JBVX^T^' ^=4(x-<i-x-«j-a!-<3). 

The region <j > a; > <, is now excluded, because x — t^ and a; — ij must have 
the same sign ; but 

(9) sin^f = 8n'2Ai^=^4'' oo >«><,, 

X — €3 

(10) sin* X = s"' 2hK= ^^~^^ or — -^ , 00 > s > s, or «, > « > 83 ; 

* ~ *3 *J ~ *S 

and these substituted in (8), (9), (10) § 16 will give the algebraical result above. 
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In the associated complementary transformation with cr, S for s, S and 
x , X' for X, X, 

(11) sva^ ^ = srL^fK' = — or — ^, Sj>cr>Sj, or S3>cr> — oo, 

S^ — Sj Sj — <7 

(12) sin^ i/r = sn^ 2/jr' = -J ~ or -! ?,, t^>x>t^, or «3>cc'> — oo, 

and the algebraical relation is satisfied when these are substituted in (5) § 17. 
In the transformation of the III. E. I., 

{16) M[x X)- {s-s,){<.-s,) 

(14) MW{-X') J''-'>^''-y_^-J/'-^-'>^ V{-^), 

x-x' {a-s^)[{s-s^-iT-s^)-(s^-s^-s^-s,)](s-a) 





s — a- s — a- 


where 




nfi^ y - «i-«3 «2-S., y> „. S-«3-«.-^ 


^„ ^ S,-S^-S,-<7 


(1^) -^ "3 ^_s^ ' ^ -"^ ^_s, ' 


^-«3 


In the arrangement 




(17) s^><T>s„ s^><7">s„ 





and in the arrangement 

(19) S3 > <7 > — 00 , S3 > 0-" > — 00 , 

(20) sn V -^ = ~ 1 = = T-/i.^, , 

so that 

(21) /"+/=!• 
The integral relation 

^99N f i/(-^ ^) dx _ riv{-^d^ r \v {-!.") ds 

K^^) J x-x' VX~J s-<T VS J S-0-" VS' 

is now equivalent to 

(23) A{2fF') = A{fK')-A{l-f)K', or =- B{fK')+B{l-f)K\ 
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implying the relation 

(24) Fzn IfF' = KznfK' - Kzti ( 1 -f)K\ 
as in (9) § 19 ; or 

(25) C( 2/F' ) = C{fK' )-C{\-f)K',ov =D{fK')-D{l-f)K', 
implying the equivalent to (24), when (5), (7), (8), § 17 are employed : 

(26) F zs2f F' = K zs fK'- IT zs{l-f)K'. 

Thus in transformation I, hF and /F' become changed to 2hK and fK', and 
in transformation II, 2hK and /"K' are changed into 2hF and 2fF\ a succes- 
sive application being equivalent to a duplication of hF and /"F'. 

24. To proceed from s to a; by means of the II transformation, take 

m lr"j3 ^ v{x-t,) + V{x^t,) V { x - t ^ ) - V (x' - t^) 

"^ ^ a-s^ V{x-t,)-V{x-t,)' V{x-t^)+V{x-t,y 



(2) 



' ~ '^ = 2 V{x-t^-x' — t^)-V{x-t^-x'-t^) 



a — 



3 



[V{x-t,)-V{x- <,)] iV{x -t,) + V {x - t,)-\ ' 



a-s^ _ V{x'-t^-x' -t^) + V{x-t^-x-t^) 
^' s-a~ 2{x-x') *' 

(4) ^-^^^^ = NV{t,-x'), 

(^\ ^(-^) _^ _ \ V{^-t^-x'-t;} + V{x-t^-x- t^) -\V{^^-x)d^ 
W s-<T VS~l x-oa ~^\ VX ' 

/fiN P' V(-S) C^. p^ /(-X') ^X 

^^ A... «-<^ i/^"A »'-»'' VX 

if" i/(<i — a;')(7a; fti — ^' C" ViK — h)'^^ 

+ U,. r^-a'')i/(a'-<.)~V«r=^^3i. 7X~' 

of which the second integral is Jir, and the third is Fc sn 2fF' or i^sn 2fF', 
according as 

ti>x> t^ or «3 > a; > — 00 ; 

so that in the region Sj > o- > s^ , <j > a; > f^ , 

(7) 2^ (/^' ) = A{2fF') + ^7r- Fc' sn 2/Z^' , 

(8) 2B {/K' ) = A {2fF' ) - i^r - i^c' sn 2fF' , 
equivalent to 

(9) 2^zn fX' = Fzn 2fF' + Fd sn 2/7^' , 

Trans. Am. Math. Soe. 38 
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as in (7) § 19 ; and in the region S3>o-> — oo,<3> a;' > — oo, 

(10) ^0{fK') = C{2fF')-l^-^^„ 

(11) 2D {fK ) = G{yF') + l-K ^ 



sn2/F" 
equivalent, as in (7) § 19, to 

(1 2) 2^zs fK' = Fzs 2/F' - i^ ns 2/F' . 

26. Another form of Landen's transformation may be added here ; put 

(1) ^ = th a, ^' = sech a, then c = e"^", 

(2) c' = th 8, c = sech 8, then k = e~^*, 

and then, as a form of the modular equation of the second order, 

(3) (e^-l)(e2«-l) = 2, sh2ash28 = l. 

Now with a> = am hF, put A<» = th f , 

chS /(ch^f-ch^a) ^^ ^^„ shS 

si„a, = ^, cosa,= ^^ , cn(l - A)iP'= ^, 

(4) 

_,,, dm ch Bd^ 

Fdh = ^r- = 



Aft)" i/(ch^5'-ch^S)' 

and from (7) § 16, 

(5) k sn^ hK = e-\ sn hK = e-f+». 

In the plane xOzoi Fig. ^, v and zo of § 24 are elliptic coordinates, to employ 
on Weib's azimuth diagram; while <f> and ^ or a are dipolar coordinates, suitable 
for a stereographic projection or chart, with poles at A and B, in which 2<f) is 
the longitude of F, 2<f>' of F' both on latitude \, where 

(6) sinX = th2a, cos \ = sech 2a, tanX = sh2a, tanJX = tha=^. 
We can put, for the conformal representation of the stereographic projection, 

(7) z -\- xi = a tan ( <^ + ai ) , 

X sh 2a z sin 2</) 

^ ^ a ~ ch 2a + cos 2</) ' a ~ ch 2a + cos 2<f> ' 

FA,FB _r^,r2_ e*« 

a ~ a ~i/ [K^^2a + cos2(^)]' 

and if OPP^ is a straight line 

(10) </,+ ,^=i7r. 



(9) 
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But if APP" is a straight line 

(11) ^^+^]," = TT, 

and i/f, 1^' are biangular coordinates of P, so that i^"= am 2(1 —f)F', with 
the value of i|f , <\>, <^' in (1) § 17; also 

(1^) BP- ^^j.j^, , AP- ^j,^, , 

(13) BP'=BP =dn(l_/)^" ^-P = -^^^=dn(l-/)^" 

0(7- OC'=a^= 0B\ PB BP'= OB^ ^^ ~^^ , 



k 



(14) 

(15) 0(7' = |, OC=ak, C'B = a(^-l\, BC=a{l~k). 

Coefficient of mutual induction of two coaxial circles. 

26. Apply the preceding method to Maxwell's § 701 (E. and M.). The 
mutual induction of a short element of wire at P perpendicular to the plane 
APB of fig. A and of a circular wire on a diameter AB in the perpendicular 
plane of fig. B, is, for the arc A Q where AOQ = 0, 

r cos e p^ a cos (it— 6) d6 

^'^> J PQ'^'^I V {a' -i- 2aAcoseT A' + hy 

an integral composed of incomplete I and II. E. I.'s : and this must be inte- 
grated round the circle A QB to obtain the vector potential GaA, P perpendicular 
to the plane APB ; and then multiplied by 'iirA to obtain Jtf for the two circles 
in parallel planes. 

According to our method of leaving the algebraical expression intact, we first 
substitute 

(2) P(^ = «" + 2aA cos 6 + A"" + b^ = m\t^ - t), 
and supposing t = t^ and t^ at A and B, where ^ = and tt, 

(3) PA'=rl={a + Ay+¥=m\t^-t;), PB'=rl={a-Ay+¥=m'{t,-t,), 

P<^-rl = 'iaA(l + cos 6) = m'{t^- t), 

(4) 

^ rl - PQ^ = 2aA{l- cos e) = m\t-t,), 

so that 

(5) 4:aAcosd = m\t^ + t^-2t), rl - rl = 4aA = m^t^ - t^) , 

(6) r.-'^^-tr'' r, -yjt,-tr'' 
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v{t,-tt-t,y pq r, vT 

r'" ItraA cosfir- 6) d6 „ r'^ 2t 

^= .1 pV^^ = ''^^^ .1 7 

(8) 



,^ r^''2TraA(ios(7r-e)de „ ("^ 2t - t^ - t, dt 
^= Jo P~^ = ^"'^ X 7(^:^*J 7T 



*-*B ^t o^ *2-ts r^ {*!-%) 'it 






VT 



and then by (10) § 8 and (1), (4) § 2, 

(9) Jf=27rr, [2(i^-^)-c^i^], 

as in Maxwell, with the original sign changed ; and by the quadric transfor- 
mation employing (10) § 18 

(10) M=8^r,~~f-=4^(r, + r,){K-II) = 8^V{aA)^^, 

doubling Maxwell's original result, and to be divided by 10' to bring it to 
henries. 

Maxwell's modular angle 7 is now seen to be ABB in fig. A where AB is 
the tangent from A to the circle on the diameter CC, where JPC, PC are the 
bisectors of the angle APB ; and then BB is at right angles to AB, so that 
A , B being limiting points of this circle 



(11) cos 7 = y^-T = -^5— = -■= = c 

^ ^ ' EA PA r. 



Putting ]c= sin /3, so that /3 is the modular angle of the period £'and K', 
noN • a ^.-^2 AC-CB OC AC 

so that /3 is the angle OC'D in fig. B where CD is perpendicular to AB , and 
CD the tangent at D . 

27. A geometrical interpretation can be given in Landen's manner of these 
transformations in the plane A QB of the circular disc or wire in fig. B , as 
well as in the perpendicular plane APB of fig. A, in which PC, PC, the 
bisectors of the angle APB, are axes of the elliptic cone whose vertex is P and 
circular base A QB . 

The point F in fig. A where P C meets the axis of the circle A QB is the 
center of a sphere of which C and P are limiting points, so that PQj QC is a 
constant ratio. 

Now, o) denoting the angle ABQ in fig. B, 

(1) PQ^ = rl cos^" (o + rl sin^" w , 
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and at Z), where PDC is the tangent plane of the cone, 

cos 2a) = — -pr-^ = , 

(2) ^^ ^' + ^^ 



r, + j-j r, + r^ 

(3) ^5i> = amji^, PD^ = r,r„ QD^ = AC ■ OB = ^^^„ 
BO that, round the circle A QB , 

^4^ P^ PZ) r. + r, 

*- '' qC~DC~ 2a ' 

and so also 

^""^ QC'- 2a ' QC'-r. + r,-"' 

On fig. P the angles QCA, QC'A or CQO are denoted by Xf x't ^''^^ 
QBA, (^BA by o), o)'; and we put, as in § 16, 

(6) ;;^ = am 2hK, o) = am hF, w' = am ( 1 —h)F, 

(7) PQ = r^ dn hF, CQ = -^^ dn hF= CA dn hF, 

and then, since OQC= x, OQC = Xt si° X =^ sin Xi cos/\;' = dn 2AJ?', 

(8) CQ, CQ' = a cos x' ± a^ cos X = a (dn 2hK± k en 2Aii:), 

(9) PQ,P§' = i(^ + ^.)(cosx'±^cosx), PQPQ' = T,T„ 

(10) Q Q' = 2a cos ;v;' = 2a dn 2hK, 

,^ ^ . . a sin sin w cos ca 

(11) smx=--^^ = (n + r,)^-^, 

(12) (Tj + T-j)^ cec^ X = ^1 cec^ «<> + »*2 sec^ w, 

COS y 

(13) (^1 + »'5 ) -• = r, cot (B — r, tan cd , 

\ / \ I ' il gjjj X 1 2 ' 

COS Y 

(14) (r, + r.) -^ = r, cot o) + r, tan cd, 

\ / \ 1 ' 2 / gjjj X 

(15) sin^(B= J(l — cos ^) = J(l + sin ;\; sin ;!^' — cos ;)^ cos ;!^'), 

(16) sina)= Ji/(1 +sin;)^-l + sinx') — Jv'(l — sin;;^l — sin^'), 
etc., the geometrical equivalent of the Landen transformation in § 16. 
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28. In the transformation of M to Maxwell's second form in § 702, we 
notice that, from elementary geometrical considerations, 

,^^ add dv add 2a dv . , , . , . 

(1) -?^f7\= >5 T=r7^ = 7i sinY=A;smY, cosy=Ay, 

^^ CQ cosx ' FQ r^ + r^cosx /t» a /H 

f^" - 2'iraA cos dde —8-jraA ("• , ,^ dv 

^^=i P-Q = -.7+^ i COS (X + X ) -^ 

<2) =^^r(^^^-cos;,V^ 

Hence another method in place of Maxwell's § 702 for drawing the lines of 
■magnetic force M= constant, employing Weib's Azimuth Diagram covered by 
confocal conies for which r^ ± r^ is constant. 

Denoting Weik's hour angle by a and latitude angle by \, then 

r-, ->■, 2a , . M K—H 

(3) sin a = -^-^ — - , cos \ = — ; — , A; = sm a cos \, ^ — = -,— . 

^ ' 2a ^1 + *'2 """^ cos A. 

Supposing the curved line CP C in fig. A to represent for a moment a line 
of magnetic force of constant M, starting from C where \ = , and orthogonal 
to the lines of constant il , such as those shown radiating from A , 

M 

(4) ^=sin«, ^-^K-ff. 

At C" where a =90°, 

M K-H 
(6) ^ = cosX, 87ra = ^-- 

To find an intermediate point P on CP C assume an arbitrary value of h 
and K—H, less than the value at C, and calculate \ and a from the relation 

M 

(6) cosX = (^-^)-g-^-, 

h M K-H 

n\ sin a = = o ; j . 

^ -' cos \ OTra k 

We thus require a table of K—H and {K— H)/k, say for every five 
degrees of the modular angle = sin"' k ; the work of redrawing Maxwell's 
figure XVIII of the lines of magnetic force for a circular current is being car- 
ried out on this method. 
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The meridians and parallels of latitude of a stereographic projection on fig. 
A, with poles at A and B, will map out the electromagnetic field of a straight 
current through A and the return through B perpendicular to the plane, by 
means of the longitude for magnetic potential, and then Jlf= 2a = log {r^jr^). 

29. Putting cos = c, the algebraical form of the quadric substitution is 

a' sin^ 

(1) y ox y~y^ = m\s- s,) = p^ = sin^ QPN, 

of which the graph is a hyperbola in the coordinates (c, y); 

(2) y.-y = -^(«.-«) = [^'p^^J, 

(3) y.-y = rn^{s.-s) = Y-^^'\, 

because 

(4) a^c'+2aAyc + {a' + A'' + ¥)y-d' = (i, 

(5) {ac + Ayy=A\y^-y){y^-y), 

W y^-\ 2A )-\r,-rJ^ '^- a " r.-r,' Vy,' 

^'^ ^^-V 2^ )-{r, + rJ^ '^- a - r. + r' Vy.' 
(8) 2/1^2= (2;)' <'i<'2 = l' 

/ON ^ _ -y + v{yx-yy2-y) 

^^^ '- V{y,y,) 

^ ^ _ v{yi-y)iv{yi-y) + v{y2-y)'\ 
'" V{y,y,) 

^{y2-y)W{yi -y) + v (y^-y)] 



c — c„ = 



V{y,y,) 
^ = ^iy.-y) + ^{y2-y) OQ _ v{y,-y) + v{y2- y) 

« 1/(^12/2) 'a /yi ' 

^j-=v/(yi-y)+ V{y^-y), 

«:„ /) ^y[^(yi r ^ ) -^(^2-3/)] 

sill C7 = / / \ ^ 

1/(^1^2) 

^^jj 1^ { Vyi + Vy2)Vy 

Vy^V{yy-y) + VyiV{y2 — yy 
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Taking logarithmic differentials of tan id and sin 0, 

(10) M- v{yiy2)dy coog ^^ -^y 4- ^y 

^ > suae 2yV{y^ — yy^ — y)'' sin^ 2y 'iViyi—yy^-y)'' 

and multiplying by Vy = « sin d/PQ, 

ade _ V {y^y^)dy acosddd dy ydy 

^^^^ PQ- vr ' pq -iVy^VT' 

(12) Y=^yy^-yy^-y; 

and thence the integrals in the algebraical form for determining Maxwell's 
second expression for M in terms of K and H, noticing that y increases from 
zero to y^ and back again to zero, as 6 increases from to tt. 
With the transformation of (4) § 25 

M _ r' 2 ch' g - ch' ^ d^ 

47n/(aZ") = J cFr i/(cPr-ch^«) 

_ r 2ch28-ch2r+ 1 d^ 

(^^) ~^ J ch2r + l T/(ch2?-ch2S) 

_ /o rr ^"'^ (^ •(ch2r-ch2S) -| 

"J Li/(ch2r-ch28) + *cZ? e^^ + 1 J*^^' 

of which the second term vanishes. 

Components of electromagnetic force of a circular current. 

30. We can now express the components of M, and also of the magnetic 
potential H , in terms of E and F, or H and K, so as to be able to select the 
simplest form. Thus 

dM r""' 2iraAb cos Odd _ ^trh p 2< - f, — t^ dt 
2irb r ( t,-t,+ t , - t, \ V(t,-t,)dt 

by a theorem analogous to those in § 3, 

(2) r'tj-:t, V(t,-t,) dt^ (\n\\-h)FFdh = hE-zn{l-h)F. 
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Or, with 

/<i\ .^. fl .^.r ,. '^ (cos x + ^ cos x)(co3 X - ^ cos X ) 
(3) cos^ = cos(x + x)= ^ p , 

PQ = i ('•i + '•2)(C0S X' + ^ COS X) , d^ = (cos X' + ^ COS X ) ^— „ 

dM Z^iraAh r" cos ^ — ^ cos %' d;(; 



d6 (i-j + rj)»^'' Jo cos x' + ^ cos x cos %' 

(4) ' 

= i I [(1 + ^ ) cos'' y' - ( 1 — k^Y\ —^, 

_ 167r& (l +/^)^-(l-^)-g 

»-i + ^2 >fc'* 

Next 

, JJIf ,, r^" 27ra^ cos ^( J.* + aA cos ^) (?^ 

-M :£! ^ r 27r(CTJ.cosg)'Jg 

and similarly 

dM ,, a^ dM r'^'^ia^ cos 6IVJ6I 

of which the last integral C is given by 

(7) 

= i7rr, Py ^' ^-4(1 + c')F+4:E'\^lirr^j,E-M, 

by preceding theorems on the I. and II. E. I., so that 

.dM , c' A"" dM 
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and the relation 

is satisfied, required in consequence of M being a homogeneous function of 
a, A.,h,oi the first degree. Otherwise 



ZI-Ka^A ' p(cosx-^cosx')' dx 

~ {^1 + ^2? Jo V* ^COSp 



(11) 



cos% 

S2jra^A^ r (l +F)cos^y'-(l-F)-2Pcosycosx' ^X 
~ ( ^1 + '•s ) V /few' c^"x' 

_ 647raU' (1 + ;fc*)Zr- (1 - F)iir 
~ (^ + '•2)' ^' 



= 4^^{r^+ r^) 



r 



(12) Jf+ C= 47r(r. +r,)P(2^- ^'^^). 

31. If O denotes the magnetic potential or conical angle at P of the circular 
ring AQB, the magnetic components are (E. and M., § 703), 

da L ^_ 4a6(l + c''')JS '-2c'i^ 

(^ dJ ~ 2^ ~db~~'r[ c^'^ 

or 

32a5 ( 1 + F)^-(1-P)^ 

~('-i + '-2)' M^^ ' 

^ 1_^_ -^H- (7 A^_ ^^ 1 (1 + c'')j5 :- 2c'i^ 

^) (?6 ~ 27r^(Z^~ 277^^ 27r6(Z6 »•? c'' "*" »•, c'' 

or 

32a' 2^- k''K 8 (1 + ifc')//- (1 - F)^ 

Also, from the homogeneity of fl , of zero dimension, 

,„, dn dn da ^ ,^^ ^, ia'bE 

or 

32ct'& 2 H-Tc^K 



rl c" 
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In the neighborhood of the axis, where A, r^ — r^, c, and k are small, 

(6) (l+c'^)^-2c'=i^=^"f\ 

(9) Jf + C = J^r. -^~ i vr (^ 1 + -^- . . . j = — ^;3— ( 1 + -72- j 

or 

, , , 16aM2 , ,, „,,, 327r^aM^r, SGaM^ H 

967m^4^ 



da_27r^ eira^A IQira' f 36a' ^' I 96- 



On the axis itself, ^ = , 



(12) :ri = 0' 



(Zfl „ da 2ira^ 



dA~ ' dh~ r 



A simpler resolution of the magnetic force is into components G^ and G^, 
perpendicular to PA and PB, and we find (A. Russell, Philosophical 
Magazine, April, 1907), 



(13) 



F-E 2/ ff \ E-c''F 2 /^e^ \ 



and on the axis J. = , G^= G^ = ira/r^ , but G^, and (r^ are infinite along 
the wire. 

A similar resolution of the gravitational force of the potential JocJ^/T' Q of the 
circular ring AB will show that it can be resolved into the components 2 G^ 
and 2G„, but now in the direction of PA and PB. 
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Galvanometer constant of a circular coil. 

32. To calculate the galvanometer constant (? at a point on the axis of a 
coil of wire of n turns in the form of a ring of given cross section a, we have 
to evaluate the integral 

. n — ^ C C2irx^dxdy iirn r ydx 

taken over the area or round the perimeter. 

For a circular section AQB, with the axis of the ring through C in fig. B, 

lirn C^'' a" sav^ Ode r^' 2n siri' 0dd 



(2) ^=^a^l -c'lr^l 



and putting as before in § 26, with OC = a/k, 



G'Q ' 



0„2 

(3) C'g' = m\t,-t), C Q" - C B^ = -jr{l+ cos 6) = m'{t,-t). 



k 
k 



C'A'- C Q" = ^ (1- cos 6) = m:\t-t^). 



we have 



(4) m\t,-t,)-0'A--a'(^ + lJ, m'(t,-t,)-C'B'~a'(^-iy 
'2.n¥m? CV ^ ,„d ~\ dt 

=^^J \-^^^dt'^^+(t^-t.+t-m-t)-^t,-t,■t,-t^\^^ 

(6) 

2nPm» ,, 
= ~^^ ^^*^ - «3 + «i - t,)V{t, - t,)E- 2{t, -t,)V{t,- t,)F^ 

32n (l + c'')^-2c''ii^ 



~ ZA C c* 

The reduction can also be carried out with the functions K and ZT, by means 
of the angles x ^od %'» and 
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(7) C Q = ^coBx +aoosx, c^q = ^^^^ 



(8) G^=^X sin^(x + x') 



cos x' ~ 3 OC" A;' 



and G is given by the same expression when C" is moved to any point on the 
axis of the tore, the modular angle /3 of ^and H being half the angle between 
the tangents from C to the circular section of the tore. 

33. The form of the result shows that the integral for G and dMjdh is the 
same essentially ; for the comparison of these and other integrals it is convenient 
at this stage to have the following integrals to quote in the sequel : 

'^' ade 4:aF ^aK 



C' 

the potential of the ring AB; and as in § 31, 

r 2aAil + cos e)de 4 r"H,-t ^/it,-t, )dt 4 G, 



2aA(l-cose)de 4 rt - t^-i/{t,- t^)dt ^ E - c' F ,.G, 



r 2aA(l-cose)de 4 c t-t^ 
(^^ j P^ ~r'Jt;:^t VT 

Since 

d 2aA sin 2aA cos 6 2a' A^ sin^ ^ 

+ 



= 4^ 



'2 



d^ PQ ~ PQ ^ pq^ 

*- '' ~ PQ ^ 2P<^ 

(5) £ PQde ^ j "^de = ^r,E =2{r, + r,){2H-h'' K), 

rcos0d0 4:2F-{l+c''')P 8 K-H 



Also 



PQ r, c' r-j+r-j A; ■ 

|(2.^ ,i„ .Pe, . (P«- - ^;-±J) PS - (-i^^-xi-^nr?) 



d6i 
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(8) =8r^{rl+rl)£;-ir,rlF 

= 4rf [2(1 + c'')^-c''i^] 
= ('•i + »•.)' [4(1 + ^)H- ik'\5 + S¥)K}, 
f sin^ede 16{ l+c'')E-2c'' F 8 {1+J^)H-(1-}^K 

nn\ 9 Td^ c^a 1 (l+c'')^-2c''i^ „, (l+k^)Il-(l-F)Jr 
(10) 3 j PQ cos edd=4r^ ^ ^^^ 2(»-j+»-J ^ ^ ^ ^^ -^- , 

so that as is evident from (7) these last two integrals (9) and (10) are essentially 
the same as well as the integral (1) § 30 ; and this shows that G is also the 
potential of the tore at any point C of its axis, the tore being homogeneous 
and of mass iirn. 

Potential qf an elliptic disc, gravitational and magnetic. 
34. Begin now with the potential Fof an elliptic disc 

of uniform surface density 1 ; then (Caylet, Proceedings London 
Mathematical Society, vol. 6, p. 42) 

(2) V. 2«;. jT ^ (i - /- - 4- - ;) ^(,.^,%^...) . 

where X is the positive root of 

W l-.'C--!^-?-''. 

fi and V denoting the other two. 

Next by differentiation of V with respect to z the magnetic potential fl is 
obtained of the elliptic disc, magnetized normally with uniform unit intensity, 
as represented by the component attraction of the disc perpendicular to the 
plane, or by the solid or conical angle subtended at a point ; so that 

,., „ dV /^» 2abzd€ 



reducing to 



J'*" labzde 
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r" iahzde r^ 4-/ (Xfiv) de 

^^ A eV{4:-e-X-e-fjL-e-v) = X ^ ^' 

^=4-e — \-e — fi-€ — V. 

This is proved by determining x, y, z in terms of X, fi, v, the elliptic coor- 
dinates, such that (a;, y, z) is a point of intersection of the three confocals of 
(3) to the elliptic disc given in (1), when 

(6) e = \,fi,v, 

(7) 00 >\>0>/i> — 62>i/> — a^> — 00, 
and then 

W»'- <^2_j2.b2_o ' y- b'-a^b'-O ' ^~ a--0¥-0 ' 

3-2 ,,2 „2 

(9) 1- '^ ^ 



a^ + e 6='+ 6 € a2 + 6.52 + 6.6 ' 

Interpreted geometrically, O is the solid or conical angle subtended by the 
elliptic disc (1), or the apparent area, as it may be called ; and Schwarz has 
shown that the apparent area or Scheinhare Grbsse of the ellipsoid or of any 
elliptic section of the tangent cone is given by an expression equally simple 
(Gottinger Nachrichten, 1885), 



A {e-X^)T/{4-e-\-e-fi-e-v) J^ X^-e VI 

where the ellipsoid is defined by 






reducing to the elliptic disc as its focal ellipse when \^ ^ . 
Put 

(12) e-\=J!P(s-Sj), €-/t= Jf='(s-Sj), €-i' = JtP(s-S3) 
and 

e(or e-XJ = Jf=(s-cr), 

(13) E=4e-\e-ii.-e-v = M^S, 

(14) U^l^z'' = 4V./ =-E^=- Jf'S ; 
and then, as in (8), § 5, 

2v'-2 ds 



("> -r^ 



,„=4^ = 27r-45. 
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35. ScHWARz's theorem is proved by considering the equation of the tan- 
gent cone from (a;, y, z) to the ellipsoid defined by e=X^, which, when 
referred to its principal axes, the normals of the three confocals through 
(x, y, z) defined hy € = \, /x, v becomes (Salmon, Solid Geometry, § 173), 

x^ tP' 7^ 

« x^ + ^fx^ + r-T,-"- 

one of a family of cones confocal for different values of \^. 

The conical angle D, of this tangent cone, and the perimeter <E> of the sphero- 
conic on unit sphere of the reciprocal cone 

(2) (X-\Jx^-K(^-Xj2^-F(.-\J^^ = 

are connected by the relation 

(3) n-h<E> = 27r. 

On the reciprocal cone replacing x, y, z hy direction cosines I, m, w, we 
may take 

subject to the condition 

(5) l^ + m^ + n^ = lc(^-^ + ^-^ + ^-^J^\=l, 

(6) ^^_X-X„.M-X,-.-X 
^ fi — vv — X-X — fi 
and now 

(7) (d^y = dP + dm^+dn^ = ^^l-^/^, 

(8) B=4e-X€- fi€-v, £!^ = 4-X^ — \-\ — iji,-\ — v. 

As a point travels round a quadrant of the sphero-conic, e decreases from jj, 
to V, and 

(9) X> X^>0>/t>e>i', 

(IX) a = ..-* = 4jr»>^t^^. 

in accordance with (5) § 5, H and 4> being 4 A and 45 , Schwaez's result. 
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36. In the notation of Gauss (Caylet, Proceedings of the London 
Mathematical Society, vol. 6; Halphen, i'bncfo'ows Elliptiques, \o\. 2, 
chap. 8) 

(1) G, G'\ G' = X, -fi, -V, 

and in the region /tt > e > i' we can put 

(2) G+ & cos' T+G" sin' T=\-€, 

(3) G' cos'' T + G" sin'' T=X^-e, 

(4) {G' - G") cos'' T=t».-e, (G' - G") sin^ T=e-v, 

de 



(5) dT = 



dT r de 



^^^ ^^J„ V {G + G' cas' T -^ G"sxn'T) = J_^VE' 

(7) UV{X-v) = hK, T= am JiK. 
In the region oo > e > \ > X^ , we should take 

(8) sin^r=^^^=^, 008^^=*^^, T=smhK, 

(9) G+ G' cos^ T + G" sin^ T= ^~''"^~^ , 

(10) G^'cos^ T+ G"sW jrJ\--e-v)-iX-v.^-v) 
equivalent to the substitution 

(11) (^-'''-^:r^)- 

37. The inequalities 

(1) oo>e>X>X„>0>/Li> -6'>i'> -aS 

(2) 00 > s > Sj > o- > Sj > s > S3 > — 00 , 

show that the form A [JK' ) or B{fK' ) is required ; and from (3) § 5, 

(3) fi = 27r(l-/)-4.5rzn/A", 

equivalent to Nagaoka's result for a circle expressed by Weierstrass functions ; 
and here, as in (6), (7), (8), (9) §5, 

Trans. Am. Math. Soc. 33 
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(4) znfK' = ZfK' = B<I>- fB, 

(5) fK' = F{4>,k'), </. = am/£", 

80 that Legendbe's Table IX can be employed for a numerical application, 

(6) sin^^=snV^'=^^;:-^=^~, 



(7) eos^.^=cnV^' = --; = ^, 

(8) Av = dnv^'=^^;^;=^_^^, 



1 1 1 « 

X H V ' 


— 11 
X ' 


kx 




X2 = 7r-2(1-;!;)^. 





(9) T^^h^ll^^ltllZ^ j^^^r^ih^^, 

^ ^ 8j — 83 \ — I' S, — S3 \ — V 

and the modular angle is then half the angle between the generating lines of the 
confocal hyperboloid of one sheet, or the focal lines of the tangent cone. 
38. Thus for instance, if we take/'= J, 

X— V \ X— V 

(1) 

and now 

(2) zn^K'=i{l-k), 

At an infinite distance, 

(3) X=oo, sin </) = !, ^ = 0, K=^'ir, k'=l, K'= x, B'=l, 

(4) za fK' = £;<l> -/£" = sin ,|. -/ = 1 -/, 
so that 

(5) O = 2,r(l-/)-27r(l-/) = 0, 
a verification. 

Inside the focal ellipse, in its plane, 

(6) X = 0, /=0, = 27r; 
but in the plane outside the ellipse 

(7) fi = 0, /=!, znK' = 0, fl = 0, 
to serve as a verification. 
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Along the edge of the focal ellipse 

(8) \ = , M = , k'=0, zn/K' = , 

(9) fl = 27r(l-/), 

and two surfaces of constant Oj and ilj intersect along the edge at an angle 

(10) j(".-".) = '^(/i-/.); 

see Maxwell, E. and M., § 487. 
Along the focal hyperbola 

(11) ^L = V=-h\ k = 0, K=l-K, 

i' = l, E' = 1, E4> = ava.4>, 

znfK' = sm^—f, 
so that 

(12) fl = 27r(l-sin<^) = 2,r^l-^^), 

and the conical angle is now bounded by a cone of revolution of vertical angle 
7r—2<f) (Cayley, Proceedings of the London Mathematical Society, 
vol. 6). 

On the axis perpendicular to the plane of the ellipse 

(13) x = 0, y = 0, z^ = X, b^ + ijL = 0, a^+v=0, 

dn^(l-/)ii:'=l-^,= e^ 

39. The equipotential surface il = 2-7rf, a constant, cuts the plane of the 
ellipse (or any other area whatever) along its edge at a constant angle tt/"; this 
is evident from simple geometrical considerations of the conical angle or appar- 
ent area of the ellipse as seen from a point close to the edge, when the apparent 
area on the unit sphere is cut out by two diametral planes, one parallel to the 
plane of the area, and the other drawn through the adjacent tangent of the area. 

Magnetic interpretation of the potential of the elliptic disc. 

40. In the potential of an elliptic disc, as given by Cayley, 
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when modified by (9) § 34, and employing (12) § 34, with 

(2) e=»n^(5 — <r), ¥ + e=7n'{s — a'), a^ + e = m^(s — cr"), 

(3) 00 >s>s,><r>S2>o-' >S3>ff"> — 00, 

\= wi^(Sj— o-), 6^+X= «i^(Sj— o-'), a^+ \ = m^(Sj— cr"), 

(4) fi=-m\<r-s,), h'+ix=^-m\s^-a'), a' + ^i = m\s^- ,7" ) , 
i; = _m^(cr — s,), 6'+!'=— ■m^(o-'— Sj), a^+ i' = to^(s3— o-"), 

(5) a' 6^ a^* = X/ii/ = - iTO« 2 , 

(6) (a*-62)62y2 = 62+x.&J+^.62 + v= ^^"2', 

(7) (a* _ 52)023.2 =a:' + \-a' + ixa^+v=- Jto«2", 
and the terms in V are 



. ■, r ae iabK 



(9) 






• ^ 



= 4s^ (/iT' ) = 4s [ JTT ( 1 - /) - -fiTzn/iT' ] , 
d€ 4ay r|i/(2') <?s 



(10) 4^^ 4^^ 






4a6x2 r ^^ 1^^__ fk/Az 



(11) =7K^)^(-^"^') 

= 7(^?:zi^) [^-«/"^' - i^(i -/")]• 

Here, as in (3) § 2, 

^'')-^=r"r^' ^'^^•^^'=^' -^/^'=x^' <i"Vi^'=s 

(13) /'= r.. r%, snV'^=^^^^^ cnV'A'=^, dnV'^='^^ 

rAA\ f" r" r ^'^ 2f"L-' ^-^ 2f''V' '^^+^ A 2f"l^' "' + ^ 
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We have seen already in (5) and (15) § 34, that 
(15) ft =-^^=4^(/r') = 2,r(l-/)-4irzn/Z', 

is the magnetic potential of the elliptic disc with uniform normal magnetization 
parallel to Oa, or of the unit current round the elliptic ring; so also 

(1^) ^ = - ^ = 7(^--F-) ^(■^^) = vW^V) ^^-/ ^' 

is the potential for uniform magnetization parallel to Oy the minor axis ; and 
dF 4i 4i 

for uniform magnetization parallel to Ox the major axis : and ft', ft" are the 
components I*^, G of the vector potential of the elliptic current. 

For uniform magnetization of the elliptic disc with direction cosines Z, m, n, 
the magnetic potential is 
(18) nft + «ift' + Zft". 

Induced magnetism of a hollow ellipsoid of soft iron. 

41. We may cite here the expression of the induction of a uniform magnetic 
field on a hollow ellipsoid of soft iron, bounded by confocals, of the family 

\ and X, defining the outer and inner surface of the shell. 
We require the three incomplete II. E. I.'s 



(2) A,B,C^f 



de 



P = ia^+€¥+€-e, A + B+C 



1 



and with the fraction h defined as in § 2 by 
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we find from § 3 , 

(4) A = ^^^{h{K-H)-.nhK-\. 

(5) B = ^^^^-^^\_h{H-K'K)-zn{l-h)K^, 

(6) C= ^, [~hH+z^{l-h)K1, 

(7) F = l-^, ^' = ~. 

If the external inducing magnetic field has a potential 

(8) F= Xa; + TV + Z«, 

we can examine the components one at a time, so that if the component X.x 
induces a magnetic potential fl in the iron of the shell, £!„ in the outside space, 
and flj in the cavity, the magnetic conditions are satisfied by putting 

(9) fl. = i^a;, n„ = i.„^x, 

^ ^ ^ Jf3 , "^ -A _ .A ^ A 

(10) o = x J__^^ + i^ 



"-^1—^0 ' ^i"~ -^0 



A^-A {\-h ){K-H)-{zah^K-znhK) 



(11) 



J[^ _ ^^ - (A^ _ A„)(ir- ^) - (zn A, iT- zn A„/f )' 



and then determining L^ and L^ from the condition, with magnetic permear 
bility II, 

(12) ,.^^{Xx+a)^~{Xx + £l,) or ^(Xa, + flJ 

in crossing the inner or outer surface, noticing that 

*^-'*_ ^ 1 dX_ 2px 1 ^ 

Other cases for components of V such as xy , xyz , • • • are given in the 
Journal de Physique (1881) ; the hydrodynamical analogues can be deveL 
oped by means of the same analysis. 
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Potential of a circular disc, gravitational and magnetic. 
42. For a circular disc put a^ = 6^, 

(1) v-^'--r^(^-'^--) ,.l\r - 

^^ A \\ a' + e €j{a^ + e)-/e' 

ellipsoidal coordinates are now unsuitable, and the elliptic coordinates, v and w , 
must be employed, with the substitution 

(2) a^ + € = a^ch^u, e-— a" sh^ u , 

(3) a;^ 4- j/^ = a^ ch^ v cos'' w, z^ = a^ sP v sin^ w , 

(4) T-j, j-jj = a(ch w± cosM)), 

r^ , r^ denoting the focal distances of J* from the foci ^ , ^ in fig. A ; and 



(5) 



a^ + V^ z' ^ ch^ V cos^ w sh^ v sin^ w 

1 I-^ = 1 — ■ 

a' + e e ch^ u sh^ u 

(ch^u — ch^ V ) ( ch^ M — cos^ w ) 



(6) F= 4a r 



ch^ u sh^ u 

/(ch^M — ch^uch^M — cos^ w) 
ch^ M sh « 



du. 



(7) 



dF_ /•» 2a2ade 

~ dz ~ 



J"" aa^'ade 



, sh 1) sin wdw 



X shw i/(ch^M — ch^wch^w — cos^M))' 
Next substitute 



(8) 




sh!' u = m'{s — a-). 


ch^M = Wi^(^S — S3), 


(9) 


m\a- 


— 83) = !, ch^M = 


s — s, , , s — 0- 


0- - S3 0- - S3 


(10) 


ch^ 




1.2 2 « — «2 


(7-83' 


0--S3' 


(11) 




oh'v = ''~''. 


U2 Si — a- 
sh'' u = -* , 

0--S3 


(12) 




2 «2 — «3 

cos^ w = -^= ^ , 

<^-«3 


• 2 «•" — «2 


<r-s^' 


(13) 




p «2 - «3 COS^ 


w ^ '•i - '•2 


«1 - «3 «ll' 


«' »-l+^2' 



as in Maxwell's second expression for M, § 701. 
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The inequality sequence runs 

(14) oo>s>Sj>o->s2>S3> — 00, 
so that, from § 2, dropping K\ 

(15) ch.,=^^^=^^::/l, cos«, = dn(l-/). 

If then we write A for V (as^ + y^), x = A cos (f), y = A sin <p, 

A ^ dn(l-/) k dn\l-f) 

(16) — = Ch 1J cos M) = — \, .•' ^ = 3-^-,.= ^f-^— , 

^ '^ a dn/ dn^/ A; 

(17) - = sht,snM, _^_Z = ^sn(l-/)cn(l-/), 

(18) '^='=chv±cosw=n±l]dn(l-/). 

Since 
^ sh m(Zm i/ (o- — S3)(?s 

^ ' V (ch'' M — ch'' V ■ ch'' M — cos^ w)~ V S ' 

equation (7), as before in (15) § 34, becomes transformed to 

To make s oscillate between Sj and Sj, substitute 
(21) ch^^« = ^^-^ sh2M = ^^^^, ch2« = °^^^*% Gos^w = -^^. 



43. The potential for uniform magnetization of the circular disc parallel to 
AB is, as before in (16), (17), § 40, 

dV r 2a'Ad€ 



dV r 

m "'=-33-1 






(a^-fe)Ve^(l-^^-^^) 



4 ch u cos w sh M dn 



ch^ u y (ch^ u — ch^ V ■ ch^ u — cos^ w ) 



4 (^s^-s^V(s^~-s^)ds_ K-JI 



cos W J., S — S, \/ S COS w 
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From Maxwell's second expressioa in § 701, 

(2) M= 47r(?-, + r,)(^- H) = Sira ch v {K - H) = iirA^', 

and this is evident when we notice in figure B that M is composed of elements 

cos 9 ,„ cos ,. 

(3) ^-^^,ad0—^^^ade, 

which is the magnetic potential at ^ of a strip QQ" parallel to AB, magnetized 
longitudinally ; and these elements are integrated over the circle A QB , and 
multiplied afterwards by 2-irA to obtain Miov the two circles. 
Replace ^4. by aj, then at any point (a;, 0, a) 



(4) 


M = ^TTXH' = — iirX -^ , 27711 = — 277 -J-, 


(5) 


dSl d'V 1 dM 
dx~ dxdz ~ X dz '' 


(6) 


^^d£l 277 '^'^ 2 (^^^ 1 dV\ 1 dM 
" dz ~ dz^ ~ " \ dx^ X dx ) ~ x dx ^ 



and a magnetic line of force along which Jf is constant is the orthogonal 
trajectory of the equipotential surfaces fi = constant ; in fact M is the Stokes 
function of the magnetic potential, and 

^ft d^il idn _ 
^^ 'dz^'^~di^'^x~d^~' 

<PM d'M ldM_ 
^ ' dz' ^ d^~ X dx- ' 

or as they may be written 

... d ( d^\ d ( d£i\ ^ 

(') dz\--dz)+dx\^-d^y''^ 

d^/1 dM \ d^ /I dM\ _ 
^ dz\x dz ) dx\xdx)~' 

These are Maxwell's results of § 703, obtained from independent physical 
considerations when x and z are replaced by his a and 6 ; the symmetry round 
the axis a shows that the integration employed in Maxwell's treatment can be 
effected, so that his result, where V and €1 are equivalent, may be written 

dM r^- dV ,^ „ dV 

a -T— de = zira 



dM r- 



dy dy ' 
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The potential of the circular disc is now written, either from (1) or (6), § 42, 

r° / ch* V cos' w sh' V sln^ io\ sh udu 

~ J„ \ ch^u ~ sh^M /i/ [(ch^M— ch^»j)(chM— cos''«))] 



(13) 



V-. 


= ^da + '^ 


dV 

dA + ' 


dV 
dz ' 


dV 

dz 


= -Xl, 


dV 
dA~ 


-XI', 




dV 4.K 


%aK 





= 4 r\a Jl ^^^^-h■^2 - «3) _ yjh - <r<7-.9,) -[/((r - s^)ds 

J., L «-«3 «-<^ ] vs 

chij 
of which each term can be Interpreted by means of the homogeneity relation 

(14) 

since 

(16) 

and therefore 

(16) r = 1. - , 

^ ' da ch V r^ + r^ 

the potential at F of the circular ring round the rim of the disc. 
Similarly in the case of the elliptic disc in § 40 the term in (8) 

may be interpreted as the potential at 2* of a ring round the ellipse cut off by 
a consecutive confocal ellipse, so that the thickness is inversely proportional to 
the perpendicular from the center on the tangent. 

The Stokes function of a circular plate and ring. 

44. Denote the Stokes function of the plate by JV, using 6 again instead of z ; 
then, as in §§31, 43, 

(1) ^=2-rrA^=-2^Ail'=-i7rir, + r,)iK-II), 

^=-2.^^1=2.^X1 
dA do 

(2) =27r^[27r(l-/)-4^zn/*:'] 

= 27r^-4^(/^'). 
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and by analogy 

dN 
(3) ^ = 27ra-4^(l -f)K' = 2ira [2irf- 4£'zn(l -f)K"\, 

a change of /into 1 — /, and A into a ; and this term is the Stokes function of 
the circular ring, of which the potential function is given in (1), § 33 : so that 
the Stokes function at P of the circle A QB is itra times the apparent area at P. 
Then by the homogeneity of the second degree in a , ^ , 6 , of iV^ 

dN ^dN ^dN 
/4\ da dA do 

= 87raM(l -f)K' + 8-jrA^AfK' - iirb{r^ + r^){K- H), 

(5) N== 47r ( a^- A' ) B {/K' ) + Itr^A^- 2-irh ( r, +r,) ( ^ - H+ KAn^fK') . 

For points on the plate, f= , ]V= 2,71^ A^: while /= 1 for points in its 
plane outside, and N-= 27r^a^; and N—2-jr^A^ may be taken as the Stokes 
function at P of this plate and a coaxial equal and opposite plate at the level 
of P. 

Changing the superficial density from unity to l/27r^j, we shall see in the 
sequel that 

where M is the function in § 54 investigated by Viriamu Jones for a helical cur- 
rent, or the equivalent cylindrical current sheet ; and the potential of the two 
end plates is the magnetic potential of the cylinder magnetized longitudinally, 
while the Stokes function N— Iti^A^ is the magnetic potential for magnetiza- 
tion across the axis of the cylinder. 

The various dissections of an integral. 

45. To arrive geometrically at the expression of the conical angle fl by means 
of the angles 6, <f>, yjr, ^i <>> defined previously on fig. A and B , we employ 
the idea given by Maxwell in E. and M. § 418, that the area fl , cut out on 
unit sphere by a cone whose vertex is at the centre, is equal to 2ir minus the 
length ^ of the curve traced out on the sphere by the reciprocal cone ; this is 
a dii'ect result and generalisation of the theorem that the sum of the area of a 
spherical triangle and the perimeter of the polar triangle is 27r . 

The same idea is employed by Schwarz in his memoir Die Scheinbare 
Grosse des Ellipsoides, the apparent area and conical angle being the same 
thing, either of the ellipsoid, or of the tangent cone, or any elliptic section of it. 

If the tangent plane PQY oi the cone, shown in elevation and plan in figures 
A and 5, turns through an angle d<l> while OQ turns through the small angle 
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dO , and if the normal line Pq of the cone cuts the plane A QB in q on YM 
pi'oduced (fig. £), then Q and q describe curves which are polar reciprocal with 
respect to 3f; so that QMy is perpendicular to qy the tangent at q ; and the 
sector velocity of q round J/ 

(1) iJ!f^^^ = JPy^^cosJf2/P, 

d^ _WPy__ P^ ^ _ 1 PM 

(2) 'de~ Pq'My~PY'' PM~ QY' PQ' 

so that, in Maxwell's notation, with 0M= A , 

(3) 2.-o = a>= i ~—^^e-pq- 

Jo PQ" 

Now from § 27 

A'' sin^ 6 1 4a'^^ sin' / 2A V . ^ 5d6> 2& dx 

W ~p^ - o^T+^g^e' " \^^J ''"' ^' ^« ~ ^1 + r. Ax' 

so that, in Legendre's form of § 14, 

^ '^ Jo l+nsin'x Ax 

To reduce 4* to our form B in § 5, we put 

( ' J sin^ X = 5 T~ = ~7a ' 

^ ^ -^ S2-S3 Ax V^ 

and interpreted in fig. A, where 0M= A, 0C= ah, OC = a/k, 

(«) s;=73=~^-v'2:i j ' j;-^r -^^ -\ 2A ) -" 4A' -''a- OM ' 



^QN <7-a, (r-, + r)'-4^ ' ,, _ ^ 4.1'_(^,_^^y 

W S2-S3- 4^2 ' s,'-S3~ 4^2 

(10) .,-...-., ^5^ 

so that, as before in § 34, 

(12) ii = 2^-45(/ii:') = 4^(/^') = 4|^ -Tzr^V^- 
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46. If da denotes an element of area at any point Q inside the circle, due to 
any mode of dissection 

■TT C da ^ C Ma 

and the integrals which arise in the determination of these potential functions 
change in appearance with the method of dissection employed by the use of each 
system of variables ; so it will save repetition in the sequel if we cite here some 
preliminary lemmas. 

I. The potential at a point F on its axis of a flat ring-shaped disc, bounded 
internally and externally by concentric circles on diameter ah and AB^ is 

(2) ^^^^-^ = 2.iFA-Fa). 

and thence also the same for any fraction of the ring cut out by two radii at an 
angle 6, replacing 27r. 

II. The potential at P of the line AB m fig. A is 



,„, r dx ^ PA + PB + AB „ , , AB „ , , 



and when ^ is at F, the potential of ^5 is twice the potential of OA, and 
(4) 2th-J4. 

In the elliptic coordinates of § 42 the potential at P assumes the various forms 
ch « + 1 ch « + 1 sh u f'dv 



(5) 



ch « + 1 ch « + 1 sh u r" dv 

^ch-w — 1~ ^ sht) ~ ^'^chv — 1~J, shw 

« 1 1 1 « , , ch « „ , , 1 , , ch^ -w + 1 

= 2 sh-i -r— = 2 ch-i -y- 2 th-i -r- = ch-> ,„ ., , etc. 

sh -w sh -w ch ■y ch'' v — 1 



The Stokes function at P of the line AB is 

(6) 2'7r(PA-PB)=i'7racosw, 

an expression much simpler. 

III. The conical angle of the ring as seen from F on its axis is 

,. (?S^_^^\ i^6> X area 

^' \Fa Fa)~ FA-Fa-l{FA + Fay 

and when the diameters ah, AB are nearly equal, this may be replaced by 

FO X area 



(8) 



FA' 
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So also for any strip cut out by two radii ; and if the radii make a small 
angle d6 , the same expression holds when the plane of the strip is tilted about its 
mean radius OA through any angle, provided FO is replaced by the perpen- 
dicular FM on the plane, and the expression becomes 

/FM FM\ ,, 

(9) [-Fa-FAy'- 

IV. For a narrow parallel strip such as QQ', of breadth dy, and PR the 
perpendicular on it from P , the conical angle at P is 

PM ryn',7?^^ PJfxarea/i?Q PQ"\ 

(10) ^^-,(cos PQP - cos PQ R)dy = pj^qgr (^ p| - p^. ). 

47. Considering that V+ 6fi is composed of complete I. and II. E. I.'s, the 
complete III. E. I. which arises in the determination of O will serve at the same 
time for V; and according to the method of dissection we shall find it depend 
on one of the five following forms, which we shall represent in the following 
notation, in which the III. E. I. is not restricted to be complete ; 

r.,i,^r^. C aA cos + a' bde ra-MYldd 
(S, «(PZ)./l^»-i4+.:il±A'|,^. 

where PZ is the perpendicular on OQ, and PZ"^ = A"^ sin^ 6 -\-V ; 

(5) n{iJi)-j ^j^ TQ-J ~~Pli^ PQ' 

and these III. E. I.'s are connected in pairs by the ten equations following, as 
is verified by differentiation : 

^.r,T^x «/^^x T . ,MZ qz PM PQ 

^^^ n(Pr)-niPZ) = i, = sm- ^^^^ = cos- ^^-^^ 

= Jtt — angle between planes PQY, PQZ ; 
= angle between MPQ, QPZ ; 
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nrTun\ n/Dt^N r . , MZ ■ MP OZ FQ 

^^^ n(MQ) -n(pr) = i, = sm- js^rMQ = ^-' fe^ • 

= angle between PQT, PQT; 

= angle between PQT, QMS ; 

o/Tl^-aN r./T>T,N T . ^Q^ PQ ,MNPM 

^^^^ Xl(Jlf(2) + n(Pi?) = /, = s.n-^^-^^ = cos-^,^-^ 

= angle between MPQ, MQR ; 

o^P7?^ o/D5irN r • ,QN-MN .PM PQ 

^^^^ 0(Pi?)-a(PiVr) = /, = sin-L___ = eos-'^^-^- 

= Jtt — angle between QPE , QPN; 
njPP) + a(PF) = 7, = sin-^ = "" ^("^7 V/ + ^') 



PR PY 



(12) , PJf cos • PQ 



-cos- pn.pY 

= Jtt — angle between QPS, QPY; 

r./ODX r^/T^^s :r • , P-^sIn ^ ■ PQ , aA Siu'' -¥ COS 9 

^^^^ Il(PP) + a(PZ)=73=sm- p^.p^'^ =cos-' ^^ ^^ 

= angle between QPZ, QPP ; 
fl(7.r)-fi(P^)./._.in-.f$jL^ 

(14) , sin ^(a^ COS 0+^2 + 5^) 

-cos PY PN 

= angle between QPJV, QPY; 

^,^„, ^,r^^r. T • , sin ^(a^ cose + ^^+6^) 
Il(PZ) + ^{PN) = 7., = sin-' PZPN 

(15) _ _j PMca^e- PQ 

= Jtt — angle between QPiV^, QP^. 
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In a complete III. E. I., when 6 ranges from to 27r, the /term disappears 
or is 27r, and 

<I> = 27r - XI = Xl( Jf§) = fl(Pl^) = li(P^) 

= 27r - ft( PiV^) = 27r - n(PP). 

We shall require in conjunction with ll(P^) the associated integral 

and then 

(18) ft,(P^) + fl(PZ)-J ^ (^. + j2)3T^o^P^' 

(19) ^(i-Z)-Il(PZ)_J -^-p^-^-^^y-j-^^^^-p^, 

two III. E. I.'s, with parameter /jP'j/jP', such that 

(20) sn/.P' = ^-^(^'+^'\ -/.^'=-w7'W^, 
^ ' •" rj •'^ a + ^( J.2 ^. J2) ' 

leading to a simple geometrical construction ; and it is found that 27r — Xlj {PZ) 
is the conical angle subtended by the circle at P, on OP produced. 
So too in conjunction with D,(^PIi) we require 

(21) „.(P«)_j!^(ii^K^^±^?2ii)|:'^, 

(23, ".(P^)-"(P^)=/^:Vw^^?5- 

and Oj(PP) is the conical angle at P^ where P^P^ passes through B, or 
PjP' is parallel to ^P. 

48. Thus with sector elements la^dO for the determination of F, the poten- 
tial d F at P of the element about O Q is given by 

^r_ r ^^ — C ^ + -^ ^°^^M r^fiosddd 



PQ + PO ' 

of which the first part is by Lemma I the potential of the strip Qq'o, between 
OQ, oq radiating from Z, and the second is by Lemma II the potential of a 
shaving of nniform breadth d6 ■ A cos 9 and length OQ. 
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As required in integration by parts, the second part of (1) can be written 

d / . a \ ctM'sin'g 1 

^d^V^^""^*** PQ + PO)~ PQPO + aAcose + A^+hTQ 

d/ ^ ^_^ a \ PQ PO -aAcose-A^-V AHw?d 

^^d^V^^""^*^ PQ + P0)~ PZ' PQ 

= 2^(^sin^th-'^^^)-P0(l-^';,) 

aA cos d + A^+¥ hdn(PZ) 



(3) 



+ 



PQ dd 

So also, if dil is the conical angle subtended by the sector element about 
OQ, the application of Lemmas III and IV shows that 

d0~ P0~ PQ~ PZ' \PQ~P0) "''^ 
(3) 

_ p^o dn{pz) _ po di^ _ dii(pr) 

so that 

dV ^dn a' + aAcosd „ d / . .^^ . a \ 

W M + ^^0 P^— -^d^V ''^ ^e + Po) 

and thence the previous expressions in (13), § 43. 

49. The dissection which leads directly to Minchin's integral in the Philo- 
sophical Magazine, February, 1894, is made by lines radiating from M. 
Denoting the angle AMQ by r) , 

(1) IMQ'^dr) = sector element about MQ = IMYadO = |(a^+ aA cos d)dd, 
and by Lemma III, 

(2) dfl = (l-~^)d^, 

d£l df) a^ + aA cos b _dr} dQ,{MQ) 

( ) 'W^Je w^ ~pq^~dd~ dd ' 

so that for any incomplete arc A Q 

(4) a = v-^iMQ)- 

Now with the substitution of § 26 and in addition 

(6) M^ = m\r-t), 

so that 

(6) b' = m\t,-T), ia^Ay = m\r-t,), (a + Af = m'(r - t,), 

Trana. Am. Math. Soe. 34 
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then when M is inside the circle 

(7) a-A = mV{T-%), a = i»/»[(T - <j)+ v (t- e,)] , 

(8) a^cos^= Jm^(<jj+ <3~2<), 

(9) a.4cos^ + a*= ^^^[t — < + i/(t — e^-r — ij)] . 

Integrating round the circle, the angle i) makes a complete revolution when 
M is inside, and 



a.2,-jr"[i 



/(t - dj-T- dj)-] >/(«, - T)di5 



T-t J \VT 



(10) =2,r-2^--J -^ 2J ^_, ^f 

= 27r -2i?'c' sn 2/F' - 2B(2fF' ) 

= 27r(l -/) - 2i^zn 2/F' - 2i^c' sn 2/F'; 

hence Minchin's result obtained directly. 

If J!f is outside the circle, the angle rj oscillates ; but we must take 

(11) «=im[/(T-«3)-/(T-«J], 
and now 

(12) ft = 2 J [ ^ll^'f-p^^) -^]VT =2'^/+2-^^^° yP'-IFc snfF', 

equivalent to a change of / into 1 — /, as in going from P to P" so that (10) 
may be taken to hold for all cases. 

As P travels round the circle CP C the quantities c, h, F, E, K, H Ao not 
vary, and / may be taken as the independent variable. 

Starting from G in the plane of the disc, where / = , 

(13) fl = 27r, F=4a-j^^ = 4air, -^=2{E -^ c'F). 
At C outside the disc in its plane, /= 1, 

(14) fl = 0, F=4a4^?=4«^^, ~j^. = 2(^- c'F). 

As P travels to P", /increases from /to/" = 1 — /, so that 

(15) fl" = 27r/ + 2F zn 2fF' - 2Fc sn 2JF\ 

(16) fl+fl"=27r-4i^c' sn 2/i?"=27r-4Fsin i^', ^-il"=2ir-4.B{2fF'), 

and fl" is the apparent area of the coaxial circle through P seen from any point 
on the circle AB. 
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V V" 

(17) 2p + XP" = *^ - 4^ sin^ i/r' - ( fl + fl") sin 1/^' = 4^ - 27r sin V^', 

which is Minchin's equation (23), p. 212, Philosophical Magazine, 
February, 1894. 

When P reaches P',/has increased to/' =1 +/, 

(18) n'=- 27r/ + 2Fzn 2fF' + 2Fsm ^r', 

(19) O - XI' = 27r, 
but 

(20) F'-F" = 0. 

At P'", / has reached /'" = 2 -/; 

(21) 0-ft"'=47r, F-F"'=0, 

so that Fhas no cyclic constant as P describes a curve linked with the circular 
edge ; a cylic constant like the 47r for fi would imply a non-conservative poten- 
tial and the possibility of the creation of energy, called otherwise Perpetual 
Motion. 

50. Dissected by QN into strips ydx = a sin^ 0d0, then by Lemma IV, § 46, 

hdx_ asin _a^ sin^ M0 cZfi dfl ( PN) 

(1) dil - -p^, -p^- _ -^j^T^ p^ , -^ = -j^ , 

so that % of § 27 is the appropriate coordinate angle, leading to E. F.'s of hK 
oaAfK', and 

a" sin=' hd0 

PQ 



Jo V 2a y 



C§^ - a" sin^' 61 
(2) 



/ 



§" 4 sin^ % ^ (^X 



which is reduced to the form ^ of § 5 by putting 

(3) sin^ Y = "L---^ , f "^-^ Y = ^~^' , 



and this makes 



^*^ " = 4Jr"^^^^^%=4^(/J^') = 27r(l-/)-4A-zn/A". 
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With the variable y of § 29 



(5) 1-2/ = 



PN^ V a" sin=' 6 



pg^' \-y- PN 



2 ' 



and denoting the value of Y for y = 1 by Y', 

(6) r' = 4( 

so that from (11) §29 



(6) r'=4(y,-l)(y,-l) = -4^,= -4^'y,2/„ 



p 2y h V{y,y,)dy f/ 1 .\ 2v/(-r 

(7) 

= 45(/'^')-2/^^=^> 



in which 



from (8) § 45, 

(9) dnV^'«inVi^' = ^, /+/'=!, 

(10) = 27r(l-/) + 4i:zn(l-/)^'-4^ ^* 



r, + r, 
= 27r(l-/)-4^zn/^', 

as before in (4). 

So also by Lemma II 

(11) dF=cZxJlog^^i^^j^ = .sin^d^th--^^, 

and as before in § 48 we may transform this into 

so that, as before in (4) § 48, over the circle, 

(13) V+in=£\a + Aoose)^ = a'^+A'^. 

To connect with the E. F.'s of Ai^and 2fF', by means of il{MQ), 
dn dn(PN) dl^ dil{MQ) 



(14) 



de~ dd ~ dd de 



(15) fi = 27r-n(JfQ), 

as in (4) § 49. 
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61. Dissecting by lines QQ' parallel io AB into strips 

(1) QQ"dy=2a^cos^ede, 

of which by Lemma IV 

My/QS Rg'\(a'(ios'e+aA(io&6 a cos'' 6 -aA cos 0\ bdO 

we may take 

da _ a'' cos^ e + aA cos 6 h _dil{PR) 

^^ ~de ~ PW P(Q le ' 

and then integrate round the circle from to 27r. 
So also from Lemma II, with the same dissection, 

/^x jTr ,, Pq+PQ' +'2,a COS e „, , , 2acos0 „, . PQ-PQ" 
(4) rfF=dylogj|--^|„ -2a7os^=2cZ,th -^ -^.^^ ^^2dy t^.-^ ^^^'^- , 

dV d^/ PQ-FQ"\ 4a ^A^ sin^e / 1 1 \ 

de ~ dey *^ ~^:4 ) ~ ^Ar^{p q^rpqy \pq'^ p^q' ) 

rr. X 2 ■ ,aP Q-Pq" -A'+a'-h^( 1 ,1 \ 

(^) = *" "" ^ PR Kp-Q+Pq') 

_.p 2 fa?+aAcos6+b'^ a?—aAcosd-\-V\ 

-{rn -b )|^-_p-^^-p^— + -_^^^--p^_ J , 

and here again, in integrating round the circle we can take 
(6) v.j'\pi^_,,fl±lA^^l±l'P^, 

and F+ 6n is the same as before in (13) § 50. 

52. Finally there is the integration for Fand O required when the circle is 
dissected into concentric rings ; and now d Vjdr is the potential of a circle of 
radius r, and 

(1) ^^^=4i^«=8^--«-, 
^ da r^ j-j + r^ 

(2) F= f\F ^ da = fs^-— — da, 

of which the result is known already by the other dissections, although the inte- 
gration appears intractable at first sight. 
So also, from (3) § 31 

dn __ (PV _^h E 32«^ 2^- Ic'^K 

^ ' da~~ dadb~ 7j / ~ (^i + »*7)' k'' ' 

leading to an integral of appeaiance still more intractable. 
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63. Treating the potential U of the solid cylinder in the preceding manner, 
as given by a function homogeneous in the second degree of a , ^ , 6 , 

the first term is a times the potential of the curved surface, or skin potential 
as it may be called of the cylinder, so that 

not an elliptic integral ; but dUjdA and dUjdh are given in §§ 44, 54 as the 
potential of the cylinder due to transverse and longitudinal magnetization. 

We shall apply the same method in § 64 to Mr. Coleridge Fake's problem 
(Proceedings of the Royal Society, November, 1898), to determine the 
electro-magnetic force of a cylindrical coil of finite thickness, where a similar in- 
tractable integral is encountered, in conjunction with elliptic integrals, which we 
consider tractable. 

A graphical representation can be g;iven on the Mercator chart of the integral 
d W/ada in (2) by denoting the angle MQP hy <f), so that 

(3) th-i p^ = th-i sin <|) = log tan ( iTT -f i^ ) ; 

then a <ji, d are taken as latitude and longitude, and the curve drawn on the 
Mercator chart, the area will represent the integral (2). 

Or else th~^{b/PQ) can be expanded in odd powers of hjPQ = b/{r^A(o), 
and then the integral of each term such as 

ri' da 

(4) A. = J^ (A^)^ 

can be expressed by means of P and £J, by means of the recurring relation 

(5) (2«-l)c'^i>„-(2;*-2)(l-Fc'^)/Z>„_,-f(2n-3)i)„_,= 0, 
starting with Z)„ = F, D^ = Ejc'"^. 

Mutual induction of a circle and coaxial helix. 

54. The III. E. I. arises in the calculation of M between a helix and a 
coaxial ring; this has been carried out by Viriamu Jones in the Philosophical 
Magazine, January, 1889 ; Philosophical Transactions (1891) ; Pro- 
ceedings of the Royal Society, December, 1897 ; consult also Webster, 
Electricity and Magnetism, p. 467 ; Mascart and Joubert, Electricity (trans- 
lated by Atkinson) ; and Grat, Absolute Measurements in Electricity, volume 
II, p. 313. 
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It results from the form of the integral that M is the same as between the 
ring and a uniform current sheet in a coaxial cylinder replacing the helix, in 
which the linear helical current 7^ and the superficial current 7 across unit 
height of the cylinder are connected with p the pitch of the helix by the relation 

(1) 7^=27r^7. 

For if iV^ denotes the number of windings and the total angle of the helix 
of height h, 

h <& h 

(2) iV7. = J7, where 6 = -, i\r=„ = __. 

The potential of this current sheet has been worked out by Minchin in the 
Philosophical Magazine, February, 1894, as being the same as the poten- 
tial of a cylinder magnetized longitudinally, or of two end plates of the cylinder, 
positive and negative ; the expression for the potential of a plate has been cited 
already in § 43 above. 

We notice now that M is the Stokes function of the two end plates, or of 
the cylinder magnetized longitudinally, and that M^fJiirA is the magnetic 
potential in the plane asOz at a distance A from the axis of the cylinder mag- 
netized transversely parallel to this plane with intensity 7 ; and denoting this 
magnetic potential by fl'7 , and by W the potential of the solid cylinder, 

(3) ^ = "''>'' *''' Mp = A£l'; 
and 

(4) ^fl'=-^-^-=j j -VPT^^) i -«^cos^cZ^th-^, 

the first integral expression given by Viriamu Jones, employing his notation of 
a^ and a^ + z^ for MQ"^ and P Q^ , but using z instead of x , and changing his 
into TT — ^, to agree with the preceding treatment. 

The result for Up is the same whether 2a denotes the diameter of the helix 
and 2A oi the ring, or vice- versa as with Viriamu Jones, being symmetrical in 
a and A . 

Integration by parts enables him to replace (4) by 

.rs .r., r"' a'' A^'b sin'' 0d0 r^ , . .hde ,^ . ,,s„,,^^x 

(5) ^"=J^ aV(«'+ &^) ^V^~ ° "^^^^^"^^ -'^ ^^' 
integrals discussed already in §§ 33, 49 ; and (5) is the equivalent of the double 
integral 

. , f r^' a^^^sin^' (9(?(9<Z» r''r2a'd0dz 

showing that the magnetic potential O' at P of the cylinder magnetized parallel 
to OM is the same as that of the surface magnetized circumferentially with 
intensity a sin ^ . 



514 A. 6. GREENHILL: [October 

It is the second form (5) which is reducible immediately to the standard 
elliptic form, and by the substitution in §§ 26, 49, writing 

(7) M(^ = a^ = ^' + lAa cos ^ + a= = m^ij — t),. 

(8) Pq'=a^+¥=m\t^-t), 

(9) V = m\t,-r), {a'^Af = m\r-t,), {a + Af = m\T -t^, 

and thence from (6) 

J -"2 dt 

_ r^ t,-t){t-%)dt 
~ J {r-t)VT ' 

ir -t.-r-t, fhv i-n dtl 

yjt^-T-t^-tJ T-t VTJ' 

Hence, on fig. A, 

It, — r b . I''' — t a — A 

J l^' = ^^ = cos ^' = At , t = am 2/F', 
so that 

(13) pM= r^blF-B+ Fc'' eos^ i/r - cot i/r cos ^' B{ IfF') ] . 

(14) ~ = i^-^-cotVrcost'^(l-2/)i^', 

the equivalent of Viriamu Jones's result in (6) p. 198, Proceedings of 
the Royal Society, 1898. 

We shall replace his angle yS by -^j to avoid confusion with Maxwell's 
modular angle /8, and then 

(15) t, = am(l-2/)i<", sin ^J = *^-t^ = ™4 "' «- ti = If^^v 
y ' ^i V -' / ' ri tani/r a + A r^ ^' |(a + J.) 

so that the angle i^[ is constructed on fig. A by drawing the circle on the 
diameter ^Jf cutting the axis OF in G, and then drawing OP^ perpendicular 
to the radius GO' of this circle, then the angle OAP^^ or OGO' is ■>^[. 



(12) 
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56. With the notation of § 47, equation (5) § 54, is written 

(1) iAn' + {a'-A^)il{MQ)= C {a' -aA cos d)^. 

(2) 2Aa' + {a'-A')a{Pr)^ C {a' - aA cos e)^- {a' - A')I^; 
and in a complete revolution of 6 from to Stt , 

o/Ti^^x rMg'+a--A'' hde ^ r de ra^-A^ bdd 

^ b 

= IF- + 2B{2fF') = 2Fc' sn ^F' + iB{yF') 

equivalent to the result in (10) § 49. 

Also /j vanishes in a complete revolution of 6, and from (16) §47, 

€l{Pr) = <J) = 45 (/ST'), 
so that 

{a? -aA COS 6)^}. 

= ^+25(., + .,)(^-^), 

in which 

In 1 

(5) „!^^ = _^ = dn/:^', 
^ ^ r^ + r^ chv ■/ ' 

(6) pM=AQ,' = h{r^+r^)F:Av:'fK' +h{r^ + r^){K - H) 

-2{a'-A^)B{fK'), 

in the form given in (5) § 44, the quadric transformation of (13) § 54. 
This again, by means of (2), (3), § 17, can be transformed into 

In the indeterminate case of 2/"= 1 and C(l — 2f)IC'=cc, we have A = a; 
but returning to the integral in (10) § 54, and putting t = t^, 

(8) pM= Ail' = "^ J'^^^^* =.bmV{t,-t,){F- F)^rXF- F), 

(9) ^=r,{F-F) = {r, + r,)iK-JI+kK), 

and this is the coefficient of self induction of the helix on a final turn of itself. 
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Numerical calculation of the mutual induction. 

66. The numerical calciilation of M for giveh dimensions a. A, h now 
requires the five operations following, in the numerical tables of F. E., vol. II, 
Legendke, and it is useful to check the calculation on fig. A, drawn to scale. 

I. Calculate i|r and i/r' from 

CI) tan ylr = J , tan ^1/ = j : 

^ ' ^ a — A' ^ a + A' 

and then 

r-j = (a + ^) seci|r', r^ = (a — J.) seo^. 

II. Calculate i/tj and the modular angle 7 from 

cos i|r sin l/r' 

(2) sin ilr = , cos 7 = —. — r- . 

^ ' ^ ^ cos Y sin 1^ 

III. Calculate /by Legendke's Table IX from 

(^) ^J-F{l.r,cy ^-^J-F{l-rr,c'y 

IV. Calculate zn(l - 2f)F' by Table IX from 

(4) zn(l - 2f)F' = E{^, c') - (1 - 2/)^( J,r, c'). 

V. Look out 

(5) F=F{l7r,c), E=E{lir,c). 

When f is one of the rational fractions of (1) §4, we can express c, c', 
sn 2fF' , zn 'ifF' , ■ ■•, as algebraical functions of a parameter, leaving F and 
F as the only transcendents, and these are tabulated by Legendre in his Table 
I to an extra degree of accuracy. 

In the numerical application of Viriamu Jones, Philosophical Trans- 
actions (1891), Proceedings of the Royal Society (1897), 

2a = 21.02673, 2 A = 13.01997, 2b = 5.02480 (inches), 

a-A = 4.00338 , a + A = 17.02335 , b = 2.51240 ; 

and working with four figure logarithms we find i|r = 32° 3', y}r' = 8° 24', 
7 = 74° 1', -f J = 58° 58'; or to the nearest degree, 7 = 74°, 1^^ = 59°, thus 
avoiding proportional parts in Legendre's Table IX ; F = 2.70807, 
^=1.08443, and i?" = 1.60198, F{f^, c') = 1.04123, 1 - 2/= 0.6500, 
/= 0.1750, •7r/= 0.54985, ^'=1.54052, (1 - 2/)^'= 1.00134, 
^•f J = 1.01847, zn(l-2/)i^'= 0.01713, i?'zn(l - 2/)i^' = 0.04638, 
^(1 - 2f)F'= 0.50347, cot y}r cos yjr'Ail - 2f)F'= 0.7952, F- F= 1.6236, 
Jf/r-i0 = 0.8284, = 20l7r, rj = 17.21, i!f = 9001 inches, as against 9028 
inches, given by Viriamu Jones. 
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This rough calculation is retained for the purpose of showing the term requir- 
ing extra calculated figures, compared with the parts where fewer figures are re- 
tained for the same degree of accuracy ; thus of the three chief terms of Mjr^ , 
the first F — E = 1.6236 is about double the second Tr/'cot i/r cos i/r' = 0.8638 , 
while the remainder cot ■f cos yjr'F zn (1 — '2f)F' = 0.0734. 

The modular angle must thus be determined with extra accuracy for the 
determination of F— E; and in this case raising the modular angle by one 
minute to 74° V will make F—E= 1.6258, and raise JIf to 9024. 

A diminution of 0.1 per cent, in f in the second term will raise M about 
0.05 per cent, to about 9028.5, without affecting the last term appreciably. 

Variation of the induction due to change in the dimensions. 

57. Viriamu Jones calculates the effect of small error of measurement 
dA , da, dh\n A, a,i m giving a change dM in J/, such that 

-,^ { .dM\dA ( dM\da (dM\dh 

so that 1 per cent, change in ^, a, 6 gives a change in Moi 

(2) 

and their sum is M/lOO, because ilf" is a homogeneous function of the variables 
A, a, b, and of the first degree, the total helical angle or number of wind- 
ings @ -f- 27r being kept constant. But if the pitch p of the helix is kept con- 
stant, M is of the second degree in A, a, i. 

Differentiating the double integral expression for M in (4) § 54, 

,, e r' r^" Aa cos ededz 

and supposing the limits of to be and 27r in the sequel, we have 

DM @ r r — acosddddz @ r r(A + a C OS d)Aa COS ddOdz 

W di ^hj J -vW^y -^bj J (^?T?)i ' 

S^ ,^ ^ CiA^+Aa cos d)Aa cos 0d0 ^ ^„ Ta^+aA cos 9 d0 

(5) A^^^M+&j' «VRT6^) = ®^J"-^Q^P-Q' 

and similarly 

c>M ,^ ^ r(Aacos6 + a'')Aacosdde ^^ r aA cos0 + A^ dd 

(6) a-^=M+eJ ,.yj^i^^ = ®«^J —JMW-^PQ^ 



A DM 


a DM 


b dM 


100 dA ' 


100 da ' 


100 db ' 
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so that 

dM ,dM „„ ^ r—aA cos 0de 

while, keeping @ constant, 

z 7.^ ^ r' r — «^ cos ^(Z^(?a 



<:?J!f ,, „ r— a^cos^<?^ 



(9) b^+M=ef p^ , 

and then 

a verification of the homogeneity. Also 

^^ ^d^ a da ~ J Mq- pq~ p 

and we see now that the conditions are satisfied that this M of Viriamu Jones 
is the Stokes function of Minchin's pair of end circular plates of density 
7 = ± Xj^irp, corresponding to a helical current 7^ = 1, and 

dM dM dM ,^ 

(16) 2M=a^+A^+h^ + M, 

(16) pM=-2a'-A{l-f)K'+2A'-B{fK') + b{r, + r,){ir-If), 

in agreement with (6) § 55 above. 

58. Thus the magnetic components for the helical current 7^, axial and 
transversal, are, for magnetic potential il , 

and, now keeping ji constant in (8) §67, 

dil _ 7^ dM_ 7 r^" - uA cos Ode 
dA^2^~db^AX 'PQ 

= ^^^'(^^-^) = ^^'^"/^'^=^'^ dn(l-/)^- 
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With 6 = 00 we must take t^ = oo, and the integrals in (10) § 54 reduce to 



(3) pM= AQ,' = m^ f 'h^zll^ /^\ 

, C f t—Lt — L\ dt 

= '"^[^-'+ T - «,- i/(t - «,-T - <3) J J,r 
with 

(5) 4aA = m'{t,-t.,), (a-^ Af = m\T - t^), {a + Af = m'{T -t,), 

so that 

(6) pM=7rA\A<a) or ira'{A>a). 

Otherwise, with 5 = oo in (5) § 54 , 

(7) pM=Ail=J^ __^______^^ = ^^^ or ,raS 

employing the substitution of § 26. 

Thus for the infinite helix, in the plane of the end AB , 

(8) §=-^=-2., or O, 
and at M or M', 

(9) ^_ = 47-^^ or 47(^,-^0, 



(10) A,= 



OM OA 



or 



' ~ OA OM' ' 

Thence by subtraction, for a helix extending from h to infinity, 

(11) S-=^'y^(-^^')' 

(12) ^ = 44dMi^7)^"--V"J' 

with 2/" > 1 , according as AS a. 
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Potential energy of two coaxial helices. 

69. There remains still the evaluation of the potential energy of two coaxial 
helical currents or of their equivalent cylindrical current sheets, given by V. 
Jones in §13, p. 202, Proceedings of the Koyal Society, 1897, and 
this is the same as the mutual potential energy of the two pairs of equivalent 
end plates. Viriamu Jones shows that this energy depends on the integral 

(1) F{z) = ^j\oBedef{z), 

(2) /(.)=«log[^(l+J)+'-]-^(a^+«^), /'(«)= [log^(l+ «.) + «]' 

(3) F{z) = Mz+r~-^^^dev{d'^z'), 

Jo P 

and the second term in F{z), 

wj* r'^ dt 

(4) "^ '' 

the same integral as for (r in § 32. 

But it is the force between the two helices which alone is required, and this 
is given by dF{z)jdz, or by the change in F[z) due to a small relative axial 
displacement of the helices, and as this is equivalent to the removal of a circu- 
lar element from one end to the other of a helix, this force depends only on the 
difference of the values of M between one helix and the two circular ends of the 
other helix ; and this is calculated by the preceding analysis, which gives the 
value of J/ as a function, say M(^ 6 ) , of h the height of one helix say of radius 
A, when the ring of radius a is in the plane of one base of the helix. 

When the circle is at a distance z from the mean section of a helix of height h 

(6) M=M{z+lh)-M{z-lh); 

and since M{— ») = — M{z), this makes M= 2M'{ |A), in the mean section. 

The hydrodynamical analogy is complete, M being the Stokes function, and 
F(» + JA) — F(» — |A) the velocity function, V{z) denoting the potential of 
a circular plate, due to a uniform distribution of source or sink over the plate, 
thereby producing a streaming motion circulating through the helix, a line of 
flow having M'= constant : thereby we gain a physical conception of the lines 
of magnetic force inside and outside a solenoid. 

Maxwell's figure XVIII can be utilised by the method of superposition for 
drawing these lines when the ring is made to expand into a cylinder by pro- 
gressive axial displacement. 
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Exploration of the electromagnetic field. 

60. The exploration of the electromagnetic field of the ring current is given 
by Maxwell, E. and M. § 702, and in fig. XVIII by drawing the twelve sur- 
faces £1 = 2'7r/*, taking 

(1) /=(0,1,2,3,...,11,12)3-V; 

equivalent to direction at the ring on a clock face at B , for every hour and half 
hour from XII to VI, and again from VI to XII. 

Any surface ft = ^irf will cross the axis Oa at a point H such that 

(2) sin V^ = sin 05^=-|f= 1-^=1-/, 

so that ^is determined geometrically by drawing a circle center A and radius 
(1 —f)AB, cutting the circle on diameter AB in IT , and joining BIT cut- 
ting Oz in H. 

Thence at O, where /*= 1, 

dD, _2-jr{\ -f) _2-jr 
'db~ a{l-f) ~li'' 

the galvanometer constant for the ring. 

Practically we need only draw the surfaces from y = to J , or between XII 
and III o'clock, as the remainder from III to VI can be inferred by the theorems 
in (25) that OM- OM' = OB^ for points P, P' on a line through B. 

In another method of exploration we can utilize the analytical results given 
in Philosophical Transactions, 1904, and determine the value of ft, V, 
and M'nix §§ 34, 42, 43, 44, 54, when 'If is one of the simplest rational fractions, 
such as 

r3^ 2/--1 ^ ^ ^ ^'^ ^ ^ 

K^) ^/-A, 3, 2' 3' 4 ' 6' 6' ■■■• 

In this method it is simple to work with the elliptic functions to modulus c 
and argument 2fF' and to use the quadric transformation to obtain the result 
to argument y!&", if required. 

A curve along which 2/" is a rational fraction is an algebraical curve, passing 
through A at an angle fir with Ox, and having Oz as an asymptote. 

We proceed to trace a few of the simplest, and for this purpose it is useful 
to employ a stereographic chart with poles at A and B, and center of projec- 
tion the antipodes of O , in which case, as in § 25, 

(4) A; = taniX = tha, c' = tan (45° - ^\) = e-'«, 

X denoting the latitude, the angle FOL on fig. A . 
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Exploring the values of fl, V, Jff&t the principal divisions of the clock face: 

1 — c 
XII o'clock, f= 0, 6 = 0, •^ = 0, x = ak = a : 



l + C 



1 + c 



VI o'clock, f= 1, 5 = 0, yfr = ir, x = t, = a ^ >, 

£1 = 0, F=16a ^~"f , jlf=0. 

i — c 

Illo'clock, 2f=l, yfr=^-7r, x=a, z=2a~, sin'^'=c', •«/r=2amJ^'— Jtt, 



^ /2II \ M „ F-E F-E 

= Z — ; 



D. = Tr-2Fc\ F=4a 7r2 = is ( ^- - tt ), ^ = 2a = s 

' c \ c /' c u 

on reference to (9) § 55. 

II o'clock, 2/"= §; and (see Philosophical Transactions, 1904, page 
261) in region 5, 3 > ^ > 1 , 

16^ » c - jg^ 

3 — » 3 — » 
zn f i^' ^ g-^ Vp, zn |i^" g-^ Vp , 



p — 1 p 1 

cos yjr = en ^F' = ^, cos '^' = dn §.^' = ^— s — , sec i/r — sec i/r' = 1 , 



along the curve, analogous to 

yfr + •^', or tan •^ + tan y]r\ or cos •^ + cos yjr', • • • a constant, 

a circle, or parabola, or magnetic line of force, •in biangular coordinates V^, V^' . 

2 
I o'clock : 2/ = J , sin ^ = sn ^F' = 



sin 



P + V 
p + l.-p + Z 9-p^ 



^=csn^F' = ^l±l^^, ^iF = ' 



12v//>' 
1.30, 2/= I, f = am^F', sint = ^i^, sin ./r'= ^(1 _c), 

tan^t-tan»V^'=l, ^_^, _ ^---^-, = 1 , 
zniF'=^{l-c), fl = fTT - i^(l - c) - 2i^;/(l - c). 
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XII. 46, or II. 16, 2/= i or I (Philosophical Transactions, page478), 
1>1>>t/2-1, ./c = i(--p), 

cos^t'=dn^fi^ = (i±^miI^, sin^^' = (i±^^!K^^±^^±^), 

t„„2,, 4/ (l + 2jp + 3/)(-l + 2^+j»') 
*^^^ = (l+^)(l-p)- "'^i^' 16p » 

and a change of ^ into —1/p will change 2/" from | to f . 

XII. 36, I. 12, 1. 48, II. 24; 2/=|, |, |, |, and the results in Philo- 
sophical Transactions, page 264, to be consulted. 

XII, 30, 11. 30, 2/= 1, |; consult page 283. 

61. In an apparatus constructed by Professor Ayrton and Viriamu Jones, 
2^ = 8 , 2a = 13 inches ; 
and then for the height h we shall find in correspondence with 2/", 



2/ 
h 



For if 



fl 1 1 1 2 3 1 

"' T' 3' 2' 5' 4» ^ 

0, 1.36, 1.47, 2.57, 4.59, 9.79, oo. 



W 2/= J, 5 = 2^^;^^ 2.574, 

^ = 2.8322, ^^ = tn 1^' = ^^^ , b = 4.593, 

(^) ^^=*' ItT='^°^^'=^' i' = 2.9428, 
^ =tnii^' = -7- ^—-^, 6=1.471, 



a- A " y'{p _ 1 . jo + 3 ) ' 

^ ' ^4' 4 (a + ^)^ 441 4p ' 

a quartie for p having a root p = 0.43 and making 

c=if~-p^= 0.719, c' = 0.695, 

cos^ ilr' = dn^ iF' = 141 c^ = 0.547 (^ = 43°), 

6 = (a + ^) tan ^'=9.79, 

Trans. Am. Math. Soc. 35 



524 A. G. GREEN hill: 

Similarly for 2/= i,b = 1.364. 
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62. To determine the proportions of the apparatus when the modular angle 7 
is raised to 75°, and we take 2/"= J, as in fig. A , we put 



(1) 



c^=(^-VJ^ + ^) = sinn5° = 



2 + 1/3 



16^ "■"" '" ~ 4 

of which one- root ia p = — |/3 , but this root leads to 
(2) snJi^=l/3-l, dniF=^i/2. 

But with the other real root, 



(3) 
(4) 
(5) 

(6) 
(7) 



cac^|r = an ^F' = |(^ + 1) = 1.97433 



(>^ = 30°26'), 



Sin 



yjr' = c sin 1^ = ^/ 



p + 1.-^ + 3 



4p 



= 0.1319 (V'' = 7''34'), 



sin i/tj = sn f i'" = 



2|/;, 



^ + 1 
cos V^; = dn f JF" = i ( j9 - 1 ) = 0.97433 



(V, = 60°26'), 
(V'^=13°13'), 



(8) r,=:{a + A)seo^lr' = (a + A)dniF' = ia + A)^y~-^^—-^, 



(9) 
(10) 



zn{l-2f)F' = zn%F' = ^{3p^-pi), 






^F-E- 



p-\p^-Z 



(it Zpk-p %\ 



4v> \6 6 

(11) J?' =2.768063145, ^=1.076405113, i^- ^= 1.691658032. 

These angles are contrasted with those of the apparatus of Viriamu Jones in 
the table following. 



2/ 


J = 0.33 


0.35 


sin~' c = 7 


75° 


74° 1' 


sin-' A = /8 


36° 4' 


34° 36' 


t 


30° 26' 


32° 3' 


^' 


7° 34' 


8° 24' 


^1 


60° 26' 


58° 58' 


t; 


13° 3' 


13° 36' 


^/a 


0.63196 


0.61921 
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63. If the windings of the helix are not complete, or- if the current is consid- 
ered through a fraction of the circular ring, the theta functions are required or 
the pseudo-elliptic algebraical III. E. I. can be employed for a rational value of 
the fraction y, the simplest cases of which will be found worked out in the 
Philosophical Transactions, 1904. 

Lord Kayleigh has shown, in a Eeport to the British Association 
(1899), that all error in extreme cases of this assumption as between two coaxial 
helices is eliminated by taking an average for different symmetrical positions. 

One object of the present memoir is to see if by a slight change in one of the 
dimensions of a helix, say the height i, designed for the experimental determi- 
nation of the ampere, it would be possible to make 2/" one of the rational frac- 
tions g;iven above, and so simplify and check the numerical work. 

Or we may construct the apparatus so as to make the angle 7 in fig. A or 
/8 in fig. B an integral number of degrees, so that the value of JF and £! or 
£' and II can be taken out of Legendre's Table I and IX without use of 
proportional parts, and utilise all the decimal figures. 

Potential and Stokes function of a solid coil. 

64. To solve Coleridge Farb's problem for a solid cylindrical coil, we have to 
determine the potential W and Stokes function P of a series of coaxial helical 
currents or equivalent cylindrical current sheets filling up a solid cylinder, inte- 
grating with respect to the radius the expression for a cylindrical sheet. 

It is simpler to determine W for a coil stretching in fig. A from the plane 
AB to infinity on the right, as this is equivalent to integrating over a single 
circular plate AB of superficial density 7 = yJ27rp (qualified as shown in (8) 
by the factor a — r, r referring to any internal radius OQ), the influence of 
the other end plate at infinity being insensible. 

In § 48 we have found for the potential V of the plate AB of unit density 

W ^=PQ-PQ-^cosg-2th-' ^^^^Q , 

the equivalent of d^Wjdadd, and integrating by parts with respect to a, 

dW (^ C a 

(2) -^y = | ( Pe-PO)c?a-J[ cos ^ J 2th-' -p^-p-p^c?a 

= (la -t- 1^ cos (?) PQ - (a -f 1^ cos ^)P0 

- 2th-> pQ^rpX) ^ *^' ~ *^' "^ ""^ ''''^ 0+iA'cos20). 
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Integrating again with respect to 6 from to 27r, the term 



(3) 7= r2th-i 



,d9 



is not an elliptic integral, and so considered intractable, like the integral (2) 
in § 63, to be denoted by Jj ; but 

CaA cos ■ 2th-'pQ^pQ<^^=« ffl- j^zy^"^ ''"^ 0+A'+¥)j^ 
(4) -a^/{A' + ¥)J(^l-^,y^ 

= C (aA cos 0+ A' +¥)a^+ah[{2'7r-a{FZ)-]- 'lira y {A' + h'). 

fA^eos20-2tl.-^^,^-^d0=-aA^j --^^ 

(5) 

+ (A' + h') J {a + A cos 0)—^- by {A' + ¥)n,(PZ), 

so that W is composed of 

(6) (i6^-i^=)/, -a6[27r-0(PZ)], ^hy {A' + h)a^{FZ), 

and I. and II. E. I.'s, amounting to employing the theorems of §33, 



C) 



2W={b'-iA')I-2ab[2-n--il{FZ)] + ^by{A'+ V)£l,{PZ) 

+ -^(^a'-A'- IW) + 3ar, IJ. 



The potential W may also be considered due to the circular plate AB, sup- 
posing the density at any interior radius OQ' =r is a — r; and then, expressed 
as a double integral 

r r(« — r)rdrd0 
(8) '^-jj ' Pq ' 

dW C Crdrde 



(9) --^- = I j -pTy' = potential of the end plate of uniform density 

= ^{o'+aA cos0)j^Q _ 6 [27r - 0(PZ)] , 

dW r r — {a — r)(r cos + A)rdrd0 
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dW_ r r-{a — r)rdrbdB 
and 

the homogeneity condition of W, of two dimensions in length. 
65. Other double integrals required in the calculation are 

the apparent area or normal attraction of the disc AB ; 

the intractable integral (3) § 64 which is the potential of the disc AB, with 
density r~' ; 

r rrcos0drdd r r(r + A cos d)eos — A cos'' ^ , ,^ 
J J ¥q' J J PQ' '' 

from (17) § 47, and the third integral vanishes ; 

,„, (?^ " du db 

= - \AU+ \b^{A-'+ ¥)a^{FZ) - ^—{a'-A'+Sb')+ar^E, 

,-, dP ^ ^dW dP ^ dW 

(8) -^=-^A^j, ^j=2,r^-^^. 
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66. The Stokes function P can be found by an integration of Viriamu 
Jones's M, but an infinite constant comes in when the coil stretches from h to 
00 ; so returning to a coil extending from to 6, or from AB \.o the parallel 
plane through P, 

e^P dpM aM'sin' g h 
^' dade~~de~- M(^~PQ' 

and since 

(2) a? = M(^ - 2A cos d{a + A cos 0) + A" cos 2^, 



= A^ sm' ^}pq- 2^' «^n^ ^ cos ^ J — y^2" ^Q 



hda 
+ A' sin^' cos 'ZO \ ^j^^ 

(3) 



+ ^^sin^^cos2^J^,^ 



=^^6(1 -cos 2g)th-' p °^^ +2^«sin'g cos gAh-^j^-th-' j^^ 

- A^ sin 5 cos 29 \l^ — tan"' ( -y- tan ^ j 1 , 

where I^ is given in (7) § 47, and the integration of this term by parts with 
respect to will depend on n(PZ) and D,^(PZ) ; and P is thus composed of 
^A^bl and I., II., and III. E. I.'s, which can be evaluated in the preceding 
manner. 

The intractable integral 

r« , , « -,., r. ,« + -4cos^,. r, ,ylcos0,^ 

(4) 7= J 2th->^^,^^c?^= J th-^^- J^- j th-^^-d^, 

of which the second integral vanishes. 

Putting (a + A cos 6)1 PQ = sin </>', so that <^' is the angle between PO and 
PZ , and drawing the curve on the Mercator chart connecting latitude <^' and 
longitude 6 , the area will represent /, as before in § 53 for I^ . 

For a flat coil in the plane AB, 



(^' ^-// 



— IttAt cos d drdO 
> 



PQ' 

(6) ~^=-27r^cosd(PQ-PO) + 7r^^(l +cos20)th-'-p^|-^^, 

80 that 

(7) P = iTT^^/and I., IL, and III. E. I.'s. 
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Legendre^ s discussion of the oblique cone. 
67. The method of discussion by Legendre of the surface of the oblique 
cone in his Fonctions elliptiques I, p. 329, may be resumed here, because his 
^ , the angle of the sector of the developed surface, and O the conical angle of 
opening of the reciprocal cone are connected by the relation 
(1) «I> + ft = 27r, 

so that one calculation implies the other. 




Fig. D. 



Adopting Legendre's notation for his oblique cone on a circular base, figures 
C and D, and considering it as the reciprocal of the cone discussed previously 
in figs. A and B, then PM the perpendicular from the vertex P on the plane 
of the circular base AB making an angle X with PC the bisector of the angle 
APB, and the edges PA\ PB' of the reciprocal cone making an angle \' with 
PC, and putting (Legendre) 

(2) AO=OB = r, OM^f, MP^h, PA = a, PB = a'. 



sin PA C= sin C X' + X ) = - , 
sinP5C=sin(X'-X) = -, 

ad 



(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

in Legendre's notation. 



cos 2X = 
cos 2X' = 



cos(X' + X) = 
cos(X' — X) = 
sin 2X = 
sin 2X' = 



r-f 

a ' 



%fh 
%'h, 



aa 



, h(a' + a) , h(a' — a) 

cos X sin X = -^^ — ; — - , sin X cos X = —^ — ; — - , 



tan X d — a 



tan X a ■\- a 



= cos^, 
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If Pq is the generating line of the reciprocal cone perpendicular to the plane 
PQF', making an angle y8 with PM, atid c denotes cos AOQ, 

^ MT r-fc sin 2X' — c am 2X 

(9) cot /3 = ^ri^ = ~- = s^ '-r- , 

^ ' ^ PM h cos2\ — cosX ' 

cos /3 cos 2\' -f sin /3 sin 2\' = cos (2X' — /3) 

(10) . . , 

= cos /3 cos 2X + c sin /3 sin 2X = cos y8', 

if ff denotes the angle between PQ' and PM' the perpendicular on the other 
circular section of the cone in fig. D ; so that 

(11) ^ + ^' = 2X', 

or the sum of the angles which PQ' makes with PM, PM' is constant, and 
these are the focal lines of the reciprocal cone in fig. A ; hence the fundamental 
property of a sphero-conic. 

68. Legendre denotes the angle of the sector APQ when developed by O, 
and the angle A OQ hy <o, so that 

(1) PQ'd^ = Pr rdco, 

rPY"" rda 

(2) * = J -pq: Py' 
and, writing c for cos <o , 

(8) Pg'=^r^-2rfc+f^ + h\ PY^ = (r -fcf + h\ 

The angle QPY is the i/^ of Legendre, and to reduce O to our form, put 

(4) ^^(. - s) = -p^ = sec^ t - -(7^7e7Tl^ 

(5) m\s, -s) = ^^~, = tan^ f = ^-^^^^J^^, 

(6) vi\a-s,) = l. 
Then, as before in § 29, 

(7) m?{s, - s) = ^ cos^ X (^ ^-^^-p-^ ^ j , 

aa . „ /(«' + a)c — (a — a)\^ 

(8) m^(s-S3) ^-^sm^'xl^^ ^-p-^ ^j . 

Putting s = Sj , c = =fc 1 , 

m^ ( Sj — Sj ) = lY COS'' X , w'' ( Sj — S3 ) = -p- sin'' X , 

(9) , ,2 
^i^i - «3) = T2-' w^(s, - s^){s., - S3) = w, 



2 
2 
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(10) sin2X = -? -' = P, 

so that \ is the modular angle, 

(11) TO^ ( Si —tr) = -p-cos^X — 1 =-T2C0s^\', 

aa . „ . aa . 

(12) m^(ff — S3) = -y2^sin^X + 1 = -wSin^X, 

(13) JmV(-2) = ^. 
Again from (11) §67, 

tan (/3- X') = tan (X'- yS') = tan J(/3- /8') 



; = tan X K+«)c -(«-«) ^ /izia, 
a + a— (a — a)c VSj— s 



(14) c cos X sin X'— sin X cos X' 
= tan X ^ . ^, ; — r r-, 

cos X sin X — c sin X cos X 

so that as before in § 35, 

,. , ^ , ^ /"At^c , , Is — s, ds 

(15) (i/S = -. ^^^2— -12 = d tan-i ^ * = — 7 , -^ , 

(»--/c)' + A' \s,-s i/{4:s^-s-s-s^) 

rd<o — rdc —frdc r ds 

(16) -p--j^ = -pYi/{l-c') = Pr2-mi/(s-S2y ^ ~ A ^r^S' 

^ ^ J„ 0--S h ^/S J 0--S ys 

We notice now that in Legendre's notation, with 



a — a 



(18) cos 6 = — , and tan Jw = tan ^6 tan ^(j>, 

equivalent geometrically to a change from the excentric anomaly a> to the true 
anomaly 4> iii ^^ orbit of excentricity cos , 

(a + a)c — (a — a) cos w — cos 

(19) ^ , , ^ , ) ^^ = . 7, = cos (^ , 

^ '' a + a — [a — a)c 1— cos <o cos (f 

,^«, / s — s, . M — s^ cos <^ 

(20) ^-^j = tanXcos</., ,J— i^=^^ 

and the elliptic functions here are a quarter-period out of phase with the pre- 
ceding in § 26, and 

(21) 4> = a.m(l-h)K. 
Also 

/22) '"''/-' = '"-^ ^ il^*? = i! 1 .. -"^ : sin^ e 

^ ' An^fK' tr — S3 s, — Sj aa' sin^ X' cos^ X (^a + a)^ ' 

so that 

(23) 6' = am(l-/)^'. 
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Stereographic projection of confocal sphero-conics. 

69. Describe the unit sphere with center I', cutting the focal lines I' If, 
PM' VA A, B and PQ' in C, so that in the spherical triangle ABC (fig. E) 

BC+CA = a + h = ^-^^' = 2\', 

and the locus of C is a sphero-conic for 
constant a + h or \' or f, the orthogonal 
confocal sphero-conics having a — h or h 
constant. 

Projecting these confocal sphero-conics 
stereographically on the tangent plane at F, 
the middle point of A' B, where the spheri- 
cal triangle ABC is colunar with ABC, 
and putting CF = 6 , CFB = -<Jr,y/e can 
put, according to Buknside, Messenger 
of Mathematics, vol. 20 (1891), p. 60, 

tan^^e** = ^c' sn (u + ui, c') [c' = tanH'^— c)], 

and obtain the orthogonal system of curves given by Holzmulleb in Isogonale 
Verwandtschqften. 
Here FA = dO + ^c, FB = dO- Jc, 

cos a = cos sin Jc -|- sin cos Jc cos <f> cos 6 




(2) 



(3) 



= — cos sin Jc -f- sin cos Jc cos <^ . 



(4) 2 cos sin Jc = cos a — cos h , 

But, writing w, w' for vdcui 
(6) tan \0 = c' sn M) sn w'. 



cos 



sini(& — a)sin^(5 + a) 
~ sin \a 



cos ^ = 



1 — c' sn ' 



(6) 



cos = 



1 -f c' sn w sn w' 
1 — c' sn* u 1 -|- c' sn'«i 



1 -I- c' sn* V 1 — c' sn* «i ' 

so that replacing v and u by yP' and hF, and employing the quadric trans- 
formation, 

(7) 

(8) 

(9) 
(10) 



cos = 

sin J (6 + a) =dnfK', 
sin J (5 — a) 1 



AnfK' 
dn 2Airi' 

cos 1(5 -I- a) = ^' sn/^', 

cn2A^ oixr- 

= drr2A-^=^°(l-2^)^' 



(11) 
(12) 



sin Jc dn 2^i 

sinJ(5-a)=^sn(l-2A)^, 

cosi(5-a) = dn(l-2A)^, 

Jc = sin Jc , Jc' = cos Jc . 
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Thus A = J makes a = 6 , and the stereographic projection of the great circle 
GH is a circle, the coalescence of two branches of a quartic curve in HoLZ- 
muller's diagram. 

From Napier's formula 

cos^(^-^) tan^(a+&) dn/g' 1 

^ '' cosl{A + B)~ tanjc ~ KsufK' ~ cn{l -f)K' 

we deduce 

(14) tanj^tani5 = j-^^|l^|§;; 

and from 

ninl{A-B) tan^(a-5) Fsn(2A-l)^ 

(^^) 8inJ(^H-5) te^l^ - d^2A _ 1 )^ - - *'" ^''^ 

we deduce 

„ 1 - en 2A^ 
(16) tan lA - tan 15 = ^^^^j^-^, 

, , l-cn(l-/) l-cn2A 
^ -* ^ l + cn(l— /) 1 + en 2A 

(18) «°^ = rqr^5xT+7)^i"2A' '^°^ = l + cn(l-/)cn2A' 

, „ l-cn(l-/) l + cn2A 

(19) tan^ \B = ^, )^ ^^ ■ :^ sr , 

^ ' ^ l + cn(l— /) 1 — cn2A 

cn(l-/)-cn2A . „ sn(l-/)sn2A 

(20) cos B = :j — 5^ — 7T-^^ — ol . sm 5 = ^ ^ .-, -^ ^ ^. sz » 

*■ ' 1 — cn(l — /)cn2A 1 — cn(l — /)cn 2a 

and so on. 

70. If iV^, ^' are the poles of the circular sections of the cone, or the foci of 
the sphero-conics of the reciprocal cone, 

(1) «- ^^= tJualb ) = - ^ = - (1 -/)^'' 
and we find by Spherical Trigonometry 

(2) cos Clf, CN' = cos C^cos ^iV^± sin CB sin ^iN^sin CBA 
and 

^T^ COS i(a + 5)cos i(a — 5) ^, /^ mx 

(3) cos CB cos^c " = '°-^**° ( 1 - 2A) , 

/^\ rrsT- i/sinssin (s — c) 

(4) cos ^iV^= — j^^-rf^-^-j^ = sn ( 1 -/) , 

(5) sin C^sin CBA= V{^nssin(s-al^n(s-b)sinis- c)i ^ 

^ ' sm \c cos f c ./ \ / 

so that 

(6) cos CN, CN'= ^*'^[dn(l -2A)±i5;cn(l-2A)] =sn2/F'dn(i±A)i^, 



534 A. G. gkeenhill: the elliptic integral 

and 

(7) cos CWcos CN' = c' sn^ 2/F', a constant, 
a fundamental property of the sphero-conic. 

71. If dA denotes the element of plane area cut out by consecutive quartic 
curves, 

(8) dA = c' en w dn w en w dn w ■ Fdh- F' df 
and if dio denotes the corresponding conical angle, 

■, , ^-, . , c'cn w dn w en w dn w „„, ,„„ 

(9) dw = 4: cos medA = 4 -y^ -, r,— FF'dfdh , 

^ ' ^ (1-fcsntosnio/ -^ 

and putting w, w = \fK' =h JiKi , this becomes by the quadric transformation, 

\-h {An^w-W){An^w'-¥) 

JTT A ^^ (l-F)''dn2todn2w)' TTE-'JJ-J-L 

dK= 4 -; -; '- ~ — 1(1 + kfKK dfdh 

k snw cnw snw cnw \ 
1+- 



(' 



dn w dn w' 



(10) = 1 — p rj — 1 — rrrjr^ r rr^ ^^ ^Z'?^ 

"* •' J- — * ( dn w dn M) + « sn w) en 10 sn w en w )" 

dn*'(w — «) ) -^ 



= ^{d.^fK'-J^^^KK'dfdK 



in which the variables are separated. 

Performing the integrations between limits such that h ranges from to 1 , 
and f from f to 1 and doubling for the whole conical angle O , 

(11) JjAn'fK'KK'dfdh = ^[(1 -f)H' - znfK"\ , 
J/g^l^-^-A^'^^A = JJ[1 - dn^(l - 2A) JT] KK'dfdh 

(12) =(1-/)^' r[l-dn^(l-2A)^]^<^A 

= {\-f)K'{K-H), 
so that 

(13) fl=4(l-/)(^Zr' + ^'Z?-^^')-4^zn/a:' = 27r(l-/')-4^zn/fir', 

as before, for the complete cone ; but (10) shows that the apparent area of any 

curvilinear quadrilateral, bounded by two pairs of Holzmuller's curves can be 

expressed in the same manner by the I. and II. E. I. 

Looking back over the calculation we conclude that the Stokes function has 

the advantage in simplicity over the potential function, except for the case of 

the circular ring of § 44. 

1 Staplb Inn, London, W. C, 
January 14, 1907. 



